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ABSTRACT

An analytical model of the system has been developed, consisting of a parallel-series connection of thermal devices. On the
basis of graph theory, a system of equations of communication between the graphical representation of the system and the table of
integers, which are the numbers of nodes and branches, is presented. Mathematical formalization made it possible to create a data
representation that describes the distribution of temperatures in the nodes of the system and flows on its branches and reduce the
volume of the problem based on expert estimates corresponding to the second law of thermodynamics. The chains and routes of heat
distribution in the network of heat exchangers, including input and output elements, distribution and mixing units, are considered.
The presented data structure provides an opportunity to programmatically build a system of energy balance equations for the system.
The system of equations is supplemented by the hypothesis of the proportionality of the change in the measure of energy in the
element to the potential applied to them. As a result, a system of equations is obtained, which forms a complete problem written in
matrix form. In the design problem, after determining the requirements for the system, in the mathematical sense, the problem arises
of determining the elements of the matrix by the value of the determinant. The requirement of equilibrium in the nodes of mixing
flows, together with the conservation law, allows us to formulate a complete system of equations that determines the distribution of
flows on the branches of networks. The principle of minimum uncertainty allows us to identify a group of roots that has maximum
efficiency when the principle of equilibrium is fulfilled for the elements of the system. An example is presented that implements the
exact scheme for solving the design problem for a given ratio of flows at the input to the system and the requirement for its
efficiency.
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INTRODUCTION

The design of chemical production is associated
with the analysis of processes and the synthesis of a
system of constituent apparatuses in which heating
and cooling of a substance and the exchange of heat

appearance of questions about the quality of the
results obtained. Along with the difficulties in the
formation of a system of equations in most practical
problems, the values of variables are determined on
the basis of solving a system of nonlinear equations
for the material and heat balance of chemical-

flows take place. The design problem can be
considered as a mathematical programming
problem, despite the complexity and large
dimension. A system is defined as a combination of
elements of technological processes and a
communication system between them. The main
problems in the computer implementation of the
systems approach is the development of methods for
describing tasks and methods for solving them. In
this formulation, in addition to problems with the
solution method, there arises the fundamental
problem of the existence of a solution to such a
system of equations and, as a consequence, the
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technological systems. Systems of computer-aided
design of heat networks involve the allocation of
characteristic connections of the elements of the
system. The relevance of further research is due to
the need for a formal description of a parallel-series
circuit, as one of the typical connections of a heat
network.

LITERATURE REVIEW

The cost of heating and cooling a substance in
the production cycle is a significant share in value
terms of the total energy costs and reaches 50 % [1].
With regard to the analysis of heat supply networks,
it is shown in [2] that the main thermophysical
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indicators significantly depend on the design
parameters of heat exchangers, the network
topology, and the characteristics of heat carriers. An
important direction for systems for designing heat
networks are on-board systems, for which stringent
requirements are imposed on mass and overall
refineries, a reduction in the consumption of energy
resources by up to 30-50 % has been achieved [17].
The software package Aspen HYSYS has been
created, designed for thermal design of chemical
production, which is currently the world leader [18].
The presented modeling methods use iterative
methods of data processing, and the main problems
associated with the incompleteness of the original
system of equations and the principle of data
processing are not solved. This circumstance does
not allow us to talk about optimal design, which is
extremely important for processes with a significant
share of the energy component. The relevance of
changing the concept in the design of heat exchange
systems is substantiated in [19], where the
possibility of optimally solving the problem by using
analytical models is shown. In the system of heat
exchangers, serial, parallel, bypass and loop
connections are distinguished, which can be
considered elementary connections inherent in any
complex heat exchange network. In [20], an
analytical model of a serial connection of heat
exchangers is presented, in [21] of a bypass
connection, in which an objective approach is
proposed to replenish the original system of
equations and obtain optimal design solutions. An
urgent task for further research is the development
of an analytical model for the parallel-series
connection of heat exchangers that meet the
optimization conditions.

PURPOSE AND OBJECTIVES OF THE
RESEARCH

The purpose of this work is to obtain an
analytical relationship for the distribution of heat
transfer efficiency in a system of parallel-series
connection of heat exchangers.

To achieve this goal, the following tasks have
been set:

1) to develop an analytical model of a parallel-
series connection of heat exchangers.

2) to analyze the developed model to determine
the main design indicators: efficiency and heat
transfer surface.

ANALYTICAL MODEL OF ASSOCIATION
OF DEVICES

We define design as a problem of mathematical
programming, despite the complexity of the

description and the large dimension of expressions.
The system is considered as a combination of
elements of the technological cycle and the
connection between them to achieve a specific goal
and is represented by a network structure. Consider a
parallel-series connection as a typical connection in
heat exchange networks of industrial production
(Fig. 1). The cold flow propagates along the channel
(7-100), while the hot flow propagates along the
channel (0-60).

The main problems in the computer
implementation of the systems approach are the
development of both methods for describing
problems and methods for solving them. In this
formulation, in addition to problems with the
solution method, there is a fundamental problem of
the existence of a solution to such a system of
equations and, as a result, questions arise about the
quality of the results obtained. Along with the
difficulties in the formation of a system of equations,
in most practical problems, the values of variables
are determined on the basis of solving a system of
nonlinear equations (material and heat balance of
CTS), as in modeling programs (ASPEN PLUS,
PRO Il, CHEMCAD).

Fig. 1. Parallel-series connection of heat

exchangers
Source: compiled by the authors

The application of graph theory has become
generally accepted in the formalization of the
description of systems. Despite the generality of the
approach based on graph theory, the main
differences arise in their construction and definition
of operations on them. Due to the large dimension of
the problem, the main question is the possibility of
constructing a system of equations programmatically
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using one or another form of the graph. This
establishes the relationship between the engineering
graphical representation of the system (Fig. 1) and
the table of integers, which are the numbers of nodes
and branches (Fig. 2 and Fig. 3).

1 0 1
2 1 11
3 11 5 1.1
4 5 6
5 6 60
6 1 12
7 12 2 2.1
8 2 13
9 13 3 3.1
10 3 60

Fig. 2. The graph of the “hot” network
presented in Fig. 1

Source: compiled by the authors
The graphical representation of the system,
shown in Fig. 1, describes the topological image of
the real system, and the matrices shown in Fig. 2 and
Fig. 3 are a formal form of its mathematical display.
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Fig. 3. Adjacency matrix
Source: compiled by the authors

Mathematical formalization of the description
of a real problem based on graph theory makes it
possible, firstly, to create a data structure for
constructing systems of equations that determine the
distribution of temperatures at the nodes of the
system and flows on its branches. Secondly, this
approach allows us to reduce the volume of the
problem based on expert assessments that do not
contradict the second law of thermodynamics. So,
the total number of nodes in the system shown in
Fig.1l is ten

T Z(To Tl T11 Ts Ts le Tz T13 T3 Teo)- (1)

Let us define the concept of a chain as a finite
set of node numbers satisfying the condition Tn =
idem.

U:(Ul Uz U3 U4 U5 Ue U7 U8 U9 UlO)'(z)

Let us define the concept of a route as a finite
set of branch numbers that satisfy the conditions: Un
= idem and Vn=idem.

Similar constructions define the data structure
for a “cold” network. The introduced concepts of the
chain, together with the rule for choosing the node
number, make it possible to construct matrices A
and B. The matrix components determine the
numbers of the input and output nodes of the “hot”
and “cold” flows in the elements of the inter-grid
and intra-grid energy exchange, respectively

10105 41 5 5 3 6160
A=/20728 B={6894142]. 3)
327309

In turn, the described data structure makes it
possible to programmatically construct a system of
energy balance equations for the system shown in
Fig. 1.

o (To=Ts) =Ty =Ty
o, (To =T,) =Ty -0,
ay(T, —T3)=Ty —©, . 4)
ay(Ts —Tey) =Tg, - Ty
as(Tg —Ty) =Ty — Ty

Let us supplement the system of equations (4)
with the hypothesis that the change in the measure of
energy in the element is proportional to the potential
applied to it

To=Ts =D, (Ty = Ty)
To-T, =q>2(r0 _®o)
T, Ty =04(T, -0) . ®)
Ty —To =@, (T5 - Ty)
Tg =Ty =D5(Tg = Ty)
Systems of equations (4) and (5) form a

complete problem that can be written in matrix form
as
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-y 0 0 0 1 -1 0 0 0 0 Ts —a,T,
0 -a, 0 0 0 -1 0 0 0 T, —a,Ty -0,
0 a, —ay 0 0 0 -1 0 0 T, -0,
a, 0 1 —a, 0 0 0 0 -1 0 e, 0
0 0 0 0 -a 0 a O 0 -1 |[T.| 0 (6)
-1 0 0 0 @, 0 0 0 0 0 To | | (@ -DT,
0 -1 0 0 0 0 0 0 0 0 T, | |©,(T,-0,)-T
0 1-®, -1 0 0 0 0 0 0 0 T, - 0,0,
1-®, 0 o, -1 0 0 0 0 0 0 Ts» 0
0 0 0 0 -1 0 1-d, @, 0 0 T, 0
In the problem of modeling with known U, a,
values a, and @, the solution of such a system of o +1
. N 4
equatlops does not cause significant prob_lems. In u, u, U,(L-,)
the design problem, when only the requirements
for the system are defined, in the mathematical U, _| %4 +1 _ Uo®,
sense, the problem arises of determining the A A Vo(d-@5)
elements of the matrix by the value of the v, as +1 V, D,
determinant. V
The requirement of equilibrium at the mixing 2 1
nodes, together with the law of conservation of ds +
flows, allows us to formulate a complete system
of equations that determines the distribution of a,(1-®,)
flows on the branches of networks a @,
0
a 1-0,
©41- 043 = (a5P5 + D5 1) - a, D,
a —_—
: (azq)z —a3CD3 + 0{3@2@3) oy |= 0 (8 . (8)
©41 -0y =—(ay @4 + Dy -1)- % 1-2,
(P53 + Dy~ Dy — D3 - % s
1-o,
—azfl)ld)z + a2®1®2®5 - (DS
— 3@ D305 + 3P D, D3Ps)
ANALYSIS OF THE MAIN FEATURES OF
Up-Us+U;)=0 Vo=V, +V,;)=0 THE ANALYTICAL MODEL
U,-U,)=0 V, -V, =0 o
Uz =Uy) @ V2 =V In [19, 20], [21], principles are formulated
that allow one to obtain a system of equations for
1 1 0 O U, U, determining the efficiencies of intra-grid and
o 0 1 1 U V inter-grid energy exchange.
B I P 7 Denote
-1 a, 0 O V, 0| o o o o o
O 0 _1 as V2 O 1 y 2 3 g 4 é’ 5
The requirement for a minimum uncertainty
In turn. this allows us to construct a for the average parameters of the system leads to
: ' : the equations
solution to the problem of flows and their
relations in elements as a function of the 2
tions in ¢ >(A-2")=0 y=z. ©)
efficiencies of intranet energy exchange [21] n=0
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A, —E(32E%a® -32Ea +9
A —2(32E%a® —24E%a® —112E%a® + 24E%a + TIEa —9E -9
A, 128E°%a® —16E3a? +192E20® — 448E%a® +16E % — 440Ea® + 311E ¢ —15E +140¢ — 45
A, — 2(40E%a® + 240E%a® —140E°a? + 24Ea® —520Ea? +109¢ — 3E —120a? +190a — 24)
A, | |16E%a® +432E°a® ~56E°a® —~80Ea” + 264a® —~910Ea? + 61Ea — E —160a® — 600a? + 355¢ — 27
A —2(84E%a® —16Ea° —80Ea* +194Ea® —175Ea? + 4Ea —80a* —160a° —310a? + 70 — 4) . (10)
A |=| 24E%0® -80Ea® —120Ea* + 246Ea® —50Ea’ + Ea —64a° — 400a* — 2400 —330a? + 20 —1
A, 20 (40a + 20Ear? + 40Ea® + 2000® + 96¢° — 36E«r + 45)
A —a’(10a +5Ea? + 40Ea® + 2000:°+2400® —8Ea +10)
A 10a* (16a + Ea +5)
A —a*(50a + Ea +5)
A 12¢°
A, -a®
& x2 _ 267+E H_ere 7 in_relations (13) determines the energy
X= > . (11)  potential at the input to the elements of the system
(E-D-(Sapz” -2 ayz +1])
IT, 0.7547
It is obvious that equations (8-11) form 12 I, 1
groups _of roots; however, the principle of minimum m, |=|| 05698 ||. (15)
uncertainty allows us to select a group of roots that
has maximum efficiency when the principle of I, 0.1563
equilibrium is fulfilled for the elements of the I 0.0672
system.
DISCUSSION OF THE RESULTS OF THE The given _results, taking into account the
system of equations (6), allow us to obtain the
ANALYSIS
temperature values at the network nodes
Consider an example that implements the exact
scheme for solving the design problem for the O 05229} (©y 0,5845
system shown in Fig. 1 for a given ratio of flows at 0, 0,4301| | O 0.7258
ﬂ]l?_ systemEinlegg = 0.7 and the requirement for its @, |=|06752| | ®, |=|0.7930]. (16)
efficiency E = 0.
Y ©, | |05884| |0, | |06144
D, 0.6874 N 0.7607 ) (©,, 0.7468
) . . .
2 04301 Having a complete picture of the behavior of
®, |=|0,4301 |, (12) the system, we choose counter flow type heat
o, 0,4302 exchangers as its elements, the efficiency of which is
determined by the ratio of the form
o, ) |05188 y
1—exp[- NTU(1-a)]
. S D= . @an
The obtained values of efficiencies allow us to 1-aexp[-NTU (1- )]
determine the amount of energy on the elements of
the system The solution of the transcendental equation (17)
makes it possible to obtain the values of NTU
Ql Ulq)l 0 0 1_[1
Q |=(T-0,):| 0 U, 0 ||1,| 13) NTU, = 0.6527
Qs 0 0 U,®;) (I, NTU, =0.3461.
And the distribution of flows on its branches NTU, =0.3702
A Vo, @-¢) 0,5697 To assess the quality of the solution, we use the
, V, & 0.4302 results of [20], which show the equivalence of the

= = : (14)  efficiency of one device to a system of N devices

\Y,
U | |Up-%)| | 04811 with a parallel connection
u,) | u,¢ ) los1ss
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NTU, =1,2385.

Thus, a system with a parallel-series connection
has about 10 % more metal consumption compared
to a system with a parallel connection of elements.

CONCLUSIONS

1. An analytical model of a parallel-series
connection of heat exchangers has been developed,
which is inherent in the principles of the existence of
a solution (completeness of the original system of
equations) and ensuring the quality of the solution
(optimization).

2. Description of the heat exchange network
by a graph allows you to determine the topographic
image of a real system and obtain a complete system
of primary equations. The representation of this
system in a matrix form provides the possibility of
solving the problem of flows and their relations in

elements as a function of the efficiencies of intra-
network energy exchange.

3. An analysis of the developed model was
carried out to determine the main design indicators:
efficiency and heat transfer surface. It is shown that
the principle of minimum uncertainty makes it
possible to single out a group of roots that has
maximum efficiency when the principle of
equilibrium is fulfilled for the elements of the
system.

4. An example of the implementation of an
exact scheme for solving the design problem for
counterflow heat exchangers is presented, the values
of efficiencies, the distribution of flows in the
branches, and the energy potentials at the entrance to
the system elements are obtained. The gain in
reducing the required metal consumption in
comparison with the standard design method is
shown, which is especially important for on-board
systems.
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AHOTANIA

Po3pobineHa aHamiTHIHA MOJENb CHCTEMH, SIKa CKIIAIAETHCS 3 Mapaje’dbHO-TIOCTIJOBHOTO 3’ €JHAaHHS TEIUIOBUX amapariB. Ha
OCHOBI Teopii TpadiB MpeacTaBIeHO CHCTEMY PIiBHSIHB 3B SI3KY MK IpadiqHIM IpPEICTABICHHSIM CHCTEMH 1 TaOIHICIO MIMNX YHCeT,
sIKI € HOMepaMH BY3JIB 1 rilok. MaremaTndHa opMaltizamisi JO3BOIMWIA CTBOPUTH NPEICTABICHHS TaHUX, SKi OMHCYIOTH PO3IMOMALT
TEeMIIepaTyp y By3Jax i 3MEHIINTH 00’ €M 3a/1adi Ha OCHOBI €KCIIEPTHHUX OLHOK, 110 BiAMOBIAAIOTH IPYrOMY 3aKOHY TEPMOAMHAMIKH.
Po3rnsHyTi NMaHIIOrH 1 MapIIpyTH PO3MOIUTY TeIUla y MEpexi amapariB TeIUIOOOMiHY, SIKi BKIIOYAIOTh BXiAHI 1 BUXIIHI €JIeMEHTH,
BY3/IM pO3MOALTY 1 3MmimeHHsA. [IpencraBieHa CTpyKTypa AaHUX HPEACTABISIE MOXIUBICTD HNPOTPaMHHUM IIIIXOM MOOYIyBaTH
CHCTEMY PIBHSHb €HEpreTH4HOro O6anancy it cucteMu. CucreMy piBHAHB JOTOBHEHO TilIOTE3010 PO MPOMOPLIHHICTh 3MiHH MipH
eHeprii B eJIeMEHTI 3a paxXyHOK HaBEICHOTO IOTeHIialy. B pesynbrari olep)kaHa cHCTeMa piBHSHb, sSIKa CTBOPIOE IIOBHY 3ajady,
3anmcaHy B MaTpuuHiid ¢opmi. B 3amaui nmpoexTyBaHHS, Micis BU3HAUCHHS BHMOT 10 CHCTEMH, B MaTeMaTHYHOMY CEHCI BHHHUKAE
3ajaya BU3HAUCHHS €IEMEHTIB MaTpUIli 10 3Ha4YeHHSM JeTepMiHaHTy. Bumorn piBHOBaru y Bysiax 3MiIlI€HHS IIOTOKIB CYMICHO 3
3aKOHOM 30€epeKeHHs J03BOJISIE C(OPMYIIOBATH IOBHY CHCTEMY DIBHSHB, sIKa BH3HAUa€ DPO3MOIUT NOTOKIB Yy TUIKaX Mepexi.
[MpuHIUn MiHIMAIbHOI HEBU3HAYEHOCTI J03BOJISIE BUAUIUTH TPYMy KOPEHIB, sIKi BOJOMAIIOTH MAaKCHMAIbHOIO ©(EKTUBHICTIO MPHU
BUKOHAHHI MIPUHIMITY PIBHOBAru AJIsl €IEMEHTIB cucTeMu. HaBeneHo mpuKiaz, 1o peatizye TOYHY CUCTEMY PIIICHHS MPU 3aTaHOMY
BiJHOIIICHHI IOTOKIB Ha BXO/i 1 BUMOTaM [0 i e()eKTHBHOCTI.

KirouoBi ciioBa: mpoekTyBaHHS, amapaTH TEIIOOOMiHY, 3aKOH 30€pe)KeHHsS, BY3JH, TUIKH rpady, cucTeMa piBHSHb;
e(eKTHBHICTh; KOPHI PIBHSIHD
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