Buchikhin. A. A., Boltenkov V. O. / Herald of Advanced Information Technology

2026; Vol.9 No.4: 502-520

DOI: https://doi.org/10.15276/hait. 09.2026.32
UDC 004.021:004.422.63:004.056.55

Fractal principles for constructing
second-order cryptographic accumulators

Artem A. Buchikhin®

ORCID: https://orcid.org/0009-0006-9562-1273; artembuchihin@gmail.com

Viktor O. Boltenkov”

ORCID: https://orcid.org/0000-0003-3366-974X; vaboltenkov@gmail.com. Scopus Author ID: 57203623617
D Odesa Polytechnic National University, 1, Shevchenko Ave. Odesa, 65044, Ukraine

ABSTRACT

Cryptographic accumulators are a core component of blockchain verification systems, including zero-knowledge bridges, where
proof size directly impacts on-chain cost and prover performance. Existing accumulator designs, such as Merkle Mountain Ranges and
their variants, provide strong asymptotic guarantees but do not adequately exploit the temporally biased access patterns typical of real-
world verification workloads. The aim of work is to present and analyze a new cryptographic accumulator data structure that minimizes
the expected proof size under realistic, time-varying verification workloads.In this work, a new class of accumulator data structures, the
Fractal Merkle Tree and Fractal Loom Tree, is introduced and analyzed with the goal of minimizing expected proof size under such
workloads. Proof cost is formalized in terms of cryptographic hash operations and input word counts, reflecting both on-chain
verification expenses and in-circuit prover workload. The Fractal Loom Tree construction employs multi-scale pointer selection, yielding
verification costs that grow logarithmically with the temporal distance from the most recent state. The parameter space of Fractal Loom
Tree is characterized, showing how radix, tree depth, and pointer allocation shape the time-dependent distribution of proof sizes. An
anchor caching optimization is presented, enabling reuse of persistent intermediate states and further reducing worst-case verification
cost. Directions for future research are proposed to extend the construction to alternative commitment primitives, adaptive parameter
selection, and more general graph-based structures. The main result of this work is the development of a cryptographic accumulator that
achieves substantially smaller proofs than existing designs under realistic, temporally biased blockchain verification workloads.
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INTRODUCTION

Blockchain interoperability, though relatively
young, has become one of the fastest-evolving areas
of Web3 research. This pace is justified by the scale
of the underlying problem. Blockchains provide
strong internal security guarantees, yet lack native
mechanisms for verifying information originating
from independent ledgers governed by different
consensus rules and state transitions [1]. A chain can
only validate what it computes itself; statements
about external state are unverifiable unless
additional cryptographic machinery is introduced to
prevent forgery [2]. Over the past few years, zero-
knowledge bridges have emerged as the dominant
approach to this problem, offering both scalability
and strong correctness guarantees [3]. By allowing
one chain to verify succinct proofs of execution on
another, zk-bridges eliminate trust in relayers and
avoid the latency and failure modes of optimistic
designs [4].
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However, despite their conceptual elegance, zk-
bridges remain expensive to operate. A substantial
fraction of their cost is not attributable to
cryptographic primitives themselves, but to the
verification of long membership proofs over
growing block histories against periodically
anchored commitments [5]. These proofs expand
with chain age, inflate zero-knowledge circuits, and
directly translate into higher gas usage, longer
proving times, and increased fees for users.

As zk-bridges transition from experimental
infrastructure to production-critical systems, this
cost structure becomes a limiting factor. Without
architectural changes to how blockchain history is
committed and verified, improvements at the level
of hash functions or circuit optimizations alone
cannot prevent proof costs from scaling over time.
Addressing this structural inefficiency early is
essential, before current accumulator designs
become entrenched as long-term standards.

The purpose of the paper is to introduce and
analyze a new cryptographic accumulator data
structure that minimizes expected proof size

This is an open access article under the CC BY license (https://creativecommons.org/licenses/by/4.0/)

502 Theoretical aspects of computer science,
programming and data analysis

ISSN 2663-0176 (Print)
ISSN 2663-7731 (Online)


https://doi.org/10.15276/hait.%2009.2026.ХХ

Buchikhin. A. A., Boltenkov V. O. /

Herald of Advanced Information Technology

2026; Vol.9 No.4: 502-520

under realistic,
workloads.

The objectives of the study are as follows:

— formalize the notion of proof cost in terms of
cryptographic hash operations for zk-based bridge
verification;

— analyze the limitations of existing
accumulator data structures under temporally biased
access patterns;

— present and formally define second-order
cryptographic accumulators, as well as Fractal
Merkle Tree (FMT) and Fractal Loom Tree (FLT)
data structures;

— characterize the tweakable parameters and
observable properties of FLT and their impact on
proof size and its time-dependent distribution;

— introduce anchor caching as an optimization
technique and analyze its interaction with FLT;

— provide and evaluate a concrete
parameterization relevant to large-scale blockchain
histories.

The article is structured as follows. Section 2
reviews related work on accumulator data structures.
Section 3 formalizes the problem setting and
discusses implementation constraints in zk-bridge
architectures. Section 4 defines and analyzes
fundamental properties of the Fractal Merkle Tree
(FMT) and Fractal Loom Tree (FLT) data structures.
Section 5 formalizes the parameter space of FLT and
examines how its configuration affects proof size
over time, along with other structural properties.
Section 6 presents anchor caching and other
optimization techniques. Section 7 evaluates the
proposed approach through a concrete configuration
and workload model. Section 8 concludes the paper
and outlines directions for future research.

RELATED WORKS

Accumulator data structures enable iterative
commitment to an append-only sequence while
supporting succinct membership proofs. They form
the cryptographic backbone of light clients, bridges,
and rollup verification systems, where both update
efficiency and proof verification cost are critical.
Existing constructions differ significantly in how
proof size scales with history length, how efficiently
updates can be performed, and how suitable the
structure is for verification inside smart contracts
and zero-knowledge circuits.

Classical Merkle trees represent the most
widely used hash-based accumulator [6]. They
provide logarithmic-size membership proofs and
simple verification logic. However, their structure
treats all historical elements symmetrically, causing
proof size and verification cost to grow

temporally biased verification

monotonically with the total number of committed
elements. Incremental variants mitigate rebalancing
costs but do not change this fundamental property
[7]. As a result, Merkle trees lack any notion of
temporal locality: proving membership of a recent
element is asymptotically as expensive as proving
membership of the first element ever committed.
This makes them poorly suited for long-lived
systems such as blockchain bridges, where the
majority of queries concern recent blocks.

Merkle Patricia Tries (MPTs), used in
Ethereum for state commitments, extend Merkle
trees to support dynamic key—value mappings [8].
While expressive, their proof sizes are highly
variable, depend on path structure, and involve
complex encodings. This results in unpredictable
verification cost and poor compatibility with
constraint-based verification environments. MPTs
are therefore optimized for mutable state
representation rather than efficient append-only
history accumulation.

Algebraic and  polynomial commitment
schemes, including KZG commitments, IPAs, and
RSA accumulators, can provide proofs with
asymptotically sublinear or constant size [9], [10],
[11]. However, achieving this property requires
more complex cryptographic primitives, higher
prover computational cost, more complex
verification procedures, and, in some cases, trusted
setup assumptions. In zero-knowledge circuits,
verifying such commitments typically incurs orders
of magnitude more constraints than evaluating
cryptographic hash functions. Consequently, despite
their theoretical appeal, algebraic accumulators
remain impractical for high-throughput zk-bridge
verification, where verification cost is dominated by
arithmetic constraint complexity.

Merkle Mountain Ranges (MMRs) were
introduced to support efficient append-only
accumulation without tree rebalancing [12]. They
maintain a set of perfect binary subtrees
(“mountains”) whose roots are aggregated into a
single commitment. MMRs offer logarithmic-size
proofs and constant-time append operations and are
widely deployed in bridge designs such as BEEFY
and Snowbridge. Nevertheless, their membership
proof size grows with the total number of elements,
and verification requires hashing across an
increasing number of peaks. As the structure ages,
verification cost steadily increases even for recent
elements, and partial proof reuse or caching is
difficult due to the global dependence on peak
aggregation.
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Several variants generalize MMRs to higher
branching factors, such as k-ary MMRs (KMMRs),
reducing tree depth and moderately decreasing proof
size [13]. However, these constructions preserve the
same asymptotic behavior: proof cost remains a
function of total history size and exhibits no
sensitivity to the recency of the proven element.

Merkle Mountain Belts (MMBSs) were recently
proposed to address this limitation by introducing
temporal locality into the proof structure [14].
Instead of aggregating all peaks into a single root,
MMBs organize them into a sequence of “bags”
forming a belt, such that recent mountains are closer
to the commitment root while older ones are
gradually pushed deeper into the structure. This
yields membership proofs whose size depends
primarily on how recent the queried element is,
rather than on the total number of accumulated
elements. While effective for workloads dominated
by recent queries, MMBs introduce significant
structural complexity, require overwriting and re-
aggregation of peaks, limit opportunities for anchor
caching, and fix a particular trade-off between
update cost, recency window, and historical depth.
The design space of possible cost-time trade-offs
remains largely implicit and difficult to tune.

The analysis above suggests that the core
limitation of existing accumulator designs is not
merely proof size, but the lack of an explicit
abstraction for time. Current structures encode
temporal order implicitly through hashing order or
graph topology, coupling ancestry, data layout, and
commitment evolution into a single mechanism.
This prevents stable verification depth, reuse of
intermediate structure, and controlled amortization.
What is required instead is an accumulator in which
temporal relationships are governed by an
independent, deterministic rule, while the data
associated with each moment in time remains
unconstrained. This work introduces Fractal Merkle
Trees (FMT) and Fractal Loom Trees (FLT) as a
family of second-order cryptographic accumulator
data structures that make this trade-off explicit
through configurable structural parameters, enabling
systematic optimization of proof cost for zk-bridge
verification under varying workloads and time
horizons.

ANALYSIS OF REQUIREMENTS FOR THE
TARGET DATA STRUCTURE

Operational structure of zk-bridges. A zero-
knowledge proof is a cryptographic protocol that
allows one party (the prover) to convince another
party (the verifier) of the correctness of a particular
computation without requiring the verifier to re-

execute the computation and without disclosing
intermediate data. Zero-knowledge bridges use such
proofs to enable verification of events from a source
blockchain on a destination blockchain without
relying on trusted intermediaries [15].

In deployed systems, this verification process is
organized into three logically distinct phases. First,
an anchor synchronization phase periodically
publishes to the destination chain a cryptographic
commitment to the source chain’s state of history
[16]. Second, for each client request, a block-to-
anchor proof demonstrates that a particular block
belongs to the history committed by the anchor [17].
Third, an in-block proof establishes that a specific
transaction, receipt, or state transition is included in
that block [18]. Only the latter two phases are
executed per client transaction, while anchor
synchronization is amortized over many users.

An anchor may take multiple forms depending
on the bridge design: a commitment to block
headers, to a sequence of state roots, or to an
accumulator summarizing the entire chain prefix
[19]. Its validity may be guaranteed by a consensus
proof, validator signatures, fraud-proof windows, or
a separate zk-proof [20]. The construction and
verification of anchors is therefore highly system-
specific and orthogonal to the present work. We only
assume that anchors are cryptographically binding
commitments to an append-only block sequence and
that their verification enforces standard accumulator
requirements such as collision  resistance,
deterministic updates, and efficient membership
proofs.

Where optimization is possible. The in-block
proof component is determined by the internal data
model of the source blockchain, typically a Merkle
Patricia Trie or an equivalent authenticated structure.
Altering its cost would require protocol-level
changes and ecosystem-wide migration, which in
practice unfolds over multi-year timescales. As a
result, this part of the verification pipeline is
effectively fixed.

In contrast, the block-to-anchor proof depends
entirely on the accumulator data structure chosen to
represent block history. This proof establishes that a
given block hash appears at some position in the
committed sequence, a fact guaranteed by the
security of the underlying commitment primitive.
Consequently, block-to-anchor verification is the
only layer where structural optimization is both
technically feasible and immediately deployable
without modifying the source blockchain.

Since both the block-to-anchor proof and the in-
block proof must be verified for each client
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transaction, even a relatively small reduction in their
individual cost is accumulated across the entire
lifetime of a bridge. For systems processing
hundreds of thousands or millions of cross-chain
interactions, this accumulated cost directly affects
infrastructure requirements, prover throughput, and
the available capacity for on-chain verification.

Current  standard and  verification
modalities. Merkle Mountain Ranges and their
derivatives are currently the de facto standard
accumulator used in zk-bridges for block-to-anchor
proofs, due to their append-only nature and efficient
updates. Variants such as KMMR and Merkle
Mountain Belts modify the update or bagging
procedure but retain the same fundamental proof
structure.

Architecturally, block-to-anchor proofs are
verified either directly on-chain by a smart contract
or inside a zero-knowledge circuit together with the
in-block proof. These two approaches have different
deployment and trust assumptions, but the
verification procedure remains essentially the same.
The verifier recomputes the cryptographic hashes
along the inclusion path and compares the resulting
value with the anchor. In a zk-circuit, these hash
computations require a large number of arithmetic
constraints. During on-chain verification, the same
computations  contribute  directly to  gas
consumption. In both cases, the total cost is
therefore proportional to the number of hash
invocations required by the inclusion proof.

This yields a natural and implementation-
independent cost model in which the efficiency of an
accumulator is measured primarily by the expected
hash count per block-to-anchor proof.

Temporal locality of verification workload.
Cross-chain activity is not uniformly distributed
over historical blocks. Economic processes impose
strong temporal locality: recent events are far more
likely to be referenced than distant ones. Arbitrage,
liquidations, oracle updates, rollup withdrawals,
governance execution, and bridge-mediated contract
calls all predominantly target blocks produced
minutes or hours earlier, while the probability of
referencing older blocks decays rapidly over time.
Although public datasets for zk-bridge usage are
scarce, this pattern mirrors transaction lifecycles
observed in payment systems, exchanges, and
settlement networks, where value relevance follows
a heavy-tailed, approximately exponential decay
with respect to time.

This implies that the cost of verifying blocks
from the most recent hours and days dominates real-
world bridge workloads, even though the

accumulator must commit to millions of blocks
overall. An optimal data structure should therefore
minimize proof size not only asymptotically, but
specifically for recent history, while preserving
succinct commitments to the full chain.

Optimization target. The objective of this
work is to design accumulator data structures that
replace MMR-style constructions in zk-bridges and
minimize the number of hash operations required for
block-to-anchor proofs, particularly for recent
blocks, under the constraints imposed by anchor-
based synchronization. The following sections
introduce such structures and formalize how their
parameters control proof cost over time.

SECOND-ORDER CRYPTOGRAPHIC

ACCUMULATORS
This section introduces the distinction between
first-order ~and  second-order  cryptographic

accumulation and defines the second-order
accumulator model considered in this work. The
Fractal Merkle Tree (FMT) s subsequently
introduced as a concrete realization of this model,
along with the underlying node model, the pointer-
based temporal layer, and the abstraction on which
the subsequent Fractal Loom Tree (FLT)
construction is built.

First- and Second-Order Cryptographic
Accumulators. In a first-order cryptographic
accumulator, the elements being accumulated are
externally  defined objects.  Their internal
representation and cryptographic structure are
determined independently of the accumulator, while
the accumulator combines their commitments into a
larger authenticated structure. A conventional
Merkle tree represents this approach, where
externally defined data elements are committed and
then combined according to the selected tree
construction.

A second-order cryptographic accumulator is an
accumulator in which the accumulated elements are
themselves cryptographically structured objects
whose construction or commitment depends on the
accumulator configuration or state. One of its core
properties is that structural decisions made at the
node level of abstraction and above directly
propagate to the internal structure of the
accumulated nodes. In other words, the accumulator
not only combines cryptographic commitments of
externally defined elements, but also participates in
determining the structure of the elements that are
accumulated.

This  property allows  cryptographically
structured elements to be recursively incorporated
into subsequent authenticated structures. An
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authenticated structure constructed for one element
can therefore become a component of another
authenticated structure without requiring duplication
of the underlying data.

Fractal Merkle Tree. The Fractal Merkle Tree
(FMT) is a second-order cryptographic accumulator
in which each accumulated node consists of two
components: a temporal component and a content
component.

The temporal component is a deterministic set
of pointers to earlier nodes generated by a universal
rule at creation time. The content component is a
cryptographic commitment to protocol-specific data,
such as block headers, batch roots, or upgrade
instructions. While the structure itself is agnostic of
the underlying commitment primitive, nodes may be
constructed by a hash or by an internal
cryptographic tree of arbitrary form.

The temporal components induce a directed
acyclic pointer structure that defines reachability and
ancestry. This structure is independent of the
committed data and is determined by the
construction of the accumulator. The content
component is attached to this structure and does not
determine the temporal relations between nodes.

An FMT therefore defines the temporal
geometry of the accumulated history separately from
the committed content. Unlike a conventional
Merkle tree, where the placement of accumulated
elements determines the resulting tree structure, the
FMT temporal structure is established by the rule
used to construct its nodes. This provides the basis
for the traversal properties considered in the
following sections.

The term Fractal Merkle Tree is used in this
work to denote this specific construction and its
associated definition. It is not intended to assert
identity with other structures that may have
previously used the same name.

Pointer Tree: Temporal Identity of a Node.
A pointer tree is an acyclic directed hash structure
rooted at N; whose leaves are references to earlier
nodes.

Formally, each node selects a finite admissible
subset of predecessors:

P(i)={jl 1< j<i, jis permitted}. (1)

The set of permitted indices is determined by
the pointer tree definition, which specifies the range
and pattern of allowable backward references.

Importantly, the definition of which references
are allowed does not prescribe which ones are
chosen. Automated pointer-selection functions may
be applied, but they are optional and external. The

pointer tree therefore represents a space of
permissible temporal edges (slots), not a specific
rule for deterministically generating them. This
independence ensures that the reachability structure
of the cryptographic geometry of time does not
depend on the payload or on the total length of the
history. It also allows different applications to
instantiate nodes either by deterministic rules or by
deliberative processes (e.g., governance-driven
versioning), as long as each new node’s pointers fall
within the permitted set.

Content Attachments: State Binding and
Action Binding. While the pointer tree governs the
temporal structure, the payload bound to a node is
entirely external. The FMT imposes only a minimal
requirement: the payload must be representable as a
hash that can be fused with the pointer structure.
Two classes of payloads are of interest.

A state-binding node commits to a digest
summarizing the state (any type of data or a delta of
update that occurred since the previous node). To
ensure that this state change is inseparably tied to the
node’s temporal identity, the payload is fused with
the current pointer-tree root.

Let state; denote the external state at time i, and
let ptrRoot(N;) be the canonical hash representing
the pointer tree of Ni. The canonical root of the node
is defined as:

root(Nl-)=H(statei [ ptrRoot(Ni)), (2)

which is then referenced by future nodes. This
“forward fusion” binds every state or state update to
its temporal position.

In action-binding configurations, a node’s
payload describes an externally interpretable
transition, such as a reversible step, emergency
control primitive, or policy-authorized operation. To
guarantee that the action is bound to the exact
historical context from which it is permitted, the
payload is fused with the previous node root. This
“backward fusion” embeds the action into the
temporal chain, ensuring that actions are
cryptographically tied to the state from which they
originate. Action semantics remain outside the FMT;
the accumulator merely authenticates their temporal
placement.

The remainder of this work focuses on state-
binding nodes, because they form the analytical core
of continuity structures used in zk-bridges and other
state-commitment  mechanisms.  Action-binding
nodes rely on the same pointer-tree framework but
do not affect the topology or proof-theoretic
properties central to the latency analysis. For the
state-binding case considered here, we begin with
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defining the simplest case where payload is a single
state (block) hash fused with its pointer-tree root.

Formal definition of a node (state-binding
case). A node N; in an FMT consists of two binding
layers:

— a pointer-tree structure whose leaves are
references to earlier node roots;

— a state-binding hash representing the state
associated with time i.

These two components are fused into a single
canonical commitment, the node root, which
becomes the anchor used by all future nodes, as
shown in Fig. 1.

block block block block block block block block
hash hash hash hash hash hash hash hash
hash hash

state
tree root

pointer
tree root

[ ":;;’ﬁ ] | ”::2? ) [ ] [ “,zis ] { "sﬂf] | “;zf i 122? ] { ",z?f]
Fig. 1. Structure of an FMT node

Source: compiled by the authors

For pointer tree, let A(i) be the set of admissible
backward references (“allowed predecessors™). A
particular instantiation of node N; selects a finite
nonempty subset P(i) < A(i).

The node constructs a Merkle-style tree (pointer
tree) whose leaves are precisely the roots of
referenced earlier nodes:

root(N i ))

L= (root(Nh),
for P(i)={j, .... i }-

The pointer-tree commitment is:

®)

ptrRoot (N, ) =Merkle(L;). (4)

This defines the temporal identity of the node.

For state tree, let state; be the hash representing
the external state (chunk of data, delta, batch-root, or
any summary) associated with time of inclusion i.
This hash is not prescribed by the pointer tree and
may represent any state commitment of the
application.

To bind the state to its temporal identity, the
state hash is fused with the pointer-tree root (2). This
fused root is the only value of N; used in future
pointer trees.

Thus, all components of node definition for our
case are complete, and state-binding node in an FMT
is the tuple:

N, =(P(i), state;,

5

ptrRoot(N; ), root(N; )) ©
where P(i) is the selected predecessor set;
ptrRoot(N;) commits to the pointer tree built from
these predecessors; state; is an arbitrary external
state commitment; root(N;) is the canonical
commitment used by all future nodes.

This construction fully separates temporal
geometry (pointer tree) and payload semantics
(state),  while  ensuring that both are
cryptographically bound at each point in time.

Node Organization. An FMT can have various
node organization structures, but in our case, we will
narrow the scope down to a linear and append-only
one. Here FMT is defined as a set of nodes

N ={N,, N,, ..}, (6)

with a total order No < N1 < ...
progression of time.

The set itself is unordered at the data-structural
level; the temporal ordering is an external constraint
imposed on node creation. This ordering is append-
only: a new node N; may be created only after all
nodes No, ..., N;—; already exist, and, crucially, no
node may be inserted between existing indices. This
linear organization ensures that each node possesses
a unigue temporal position, which is indispensable
for deterministic verification. It also ensures that the
pointer-tree roots of earlier nodes are immutable:
once a node’s root becomes part of history, it can
only appear as a leaf in the pointer trees of later
nodes, never be modified or removed.

While the timeline is linear, the temporal
relations encoded by nodes are not. Each node N;
links to a deterministic (or externally chosen) set of

, that represents the
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ancestors specified by its pointer tree. This allows
the history to be navigated through multiple
structured backward edges rather than only through
the immediate predecessor. This combination of
linear time and non-linear ancestry is the structural
distinction that separates the FMT from classical
Merkle trees and enables its graph-theoretic
behavior.

Determinism of ancestry is essential: for any
chosen pointer policy, two independent observers
must derive the same set of allowable ancestors for a
node at index i. This preserves the ability of a
verifier to reconstruct and validate the temporal
structure  from publicly known rules and
commitments alone, without additional metadata.
Thus, the FMT may be viewed as a linearly ordered
set of cryptographically bound DAG (Decentralized
Acyclic Graph) vertices, each of which introduces a
structured, verifiable pattern of edges into the past.

The Loom Mechanism. The pointer tree
defines where a node may point; the Loom defines
how those pointers are instantiated at each step of
the timeline. The Loom is a general generative
mechanism that accepts a pointer-selection function
and applies it consistently to every newly appended
node.

Let the FMT contain a linearly ordered set of
nodes J//; and let i €N denote the index of the node
currently being appended. Each node N;i must select
a finite set of predecessors

Pi)ciL2 ... i-1} ()

to populate the leaves of its pointer tree. The Loom
determines this set through a pluggable function,
hence being a deterministic operator:

L:Nx® 2" (8)

where @ is the class of admissible pointer-selection
functions. Given a function f € &, the Loom
produces for each index i the predecessor set

P(i)=L(i,f), )
defined by the rule:

m;

Pi)=J{f(ik)n{L2 .

=1

L i=1.

(10)

=~

Here:

— f(i,k) is the k-th predecessor proposed by the
pointer-selection function f (or k-th slot in pointer
tree);

— m; is the number of predecessors requested by
f at index i (finite for all i);

— the intersection ensures that only backward
edges remain valid.

In other words, the pointer-selection function f
produces a sequence of candidate predecessor
indexes, and the Loom filters, validates, and
assembles them into the actual pointer set. The
notation above emphasizes that the pointer tree is
built as the aggregation of individually selected
backward references, each generated by evaluating f
at (i,k).

The Loom enforces the minimal structural
constraints required for the FMT to remain a valid,
verifiable Merkle-DAG:

1. Backward-only constraint f(i,k) < i ensures
acyclicity.

2. Deterministic  reconstruction  constraint
enforces the verifier to reconstruct P(i) exactly from
f and public parameters; no hidden metadata is
allowed.

3. Locality constraint, that makes P(i) = L(i,f)
dependent only on i and global parameters of f. It
cannot depend on future nodes.

4. Finite fan-out constraint, where for every i,
m; < oo, SO the pointer tree is Merkle-committable.

5. Reachability constraint, as the function f
must guarantee that all earlier nodes remain
reachable from N; via a bounded number of pointer
hops; the bound depends on the family of functions
chosen in later sections.

These constraints ensure that the FMT remains
a parameterized generative mechanism, not tied to
any specific pointer geometry.

The Loom does not predetermine the topology
of the FMT. It merely supplies the rule by which
each new node in the linear timeline fills its pointer
tree with admissible backward references. Different
functions f(i,k) plugged into the Loom produce
different temporal geometries but all of these are
instantiations, not part of the Loom’s definition. The
specific pointer-selection functions that yield the
Fractal Loom Trees (FLT), the Full-Reachability
FMT (FR-FMT), and other traversal structures will
be introduced next.

Topological Cases of FMT. The introduced
Loom mechanism allows us to define a wide class of
Fractal Merkle Trees (FMTs) by specifying a
deterministic rule for predecessor selection at each
node insertion. Under this abstraction, different
FMT cases are not distinguished by their
cryptographic primitives or node composition, but
purely by the topology of temporal dependencies
they induce. Despite this flexibility, all valid FMT
topologies developed in this work are constrained by
a common set of invariants.
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First, the structure must be sequentially
generative: nodes are appended one by one, and the
Loom rule must be computable solely from the
index of the new node and previously constructed
nodes. No lookahead, rebalancing, or global
restructuring is permitted. This ensures that FMT
construction remains streamable and compatible
with incremental data aggregation in real-time
systems.

Second, every topology must provide strong
reachability continuity across time. Specifically, the
same reachability rule must apply for any appended
node, independent of its position in the sequence,
guaranteeing uniform traversal properties across the
entire history. As a minimal requirement, this
implies that each node must reference its immediate
predecessor, ensuring that trivial reachability (i.e.,
stepping back one position at a time) is always
possible, even in the absence of higher-order links.

Third, an FMT topology must preserve eventual
full historical reachability: from any node, every
previous node must be reachable via a finite
sequence of Loom-defined hops. This condition
ensures that all FMT instances represent not merely
partially linked histories, but fully navigable
temporal graphs.

Within these constraints, the Loom function
defines distinct topological cases of FMT, each
characterized by how temporal links are distributed
across the history.

Following the traversal complexity rules three
such cases exist:

— Linear FMT (LFMT) — each node points only
to the previous node (like in blockchains);

— Full-Reachability FMT (FR-FMT) - each
node points to all previous nodes;

— Fractal Loom Tree (FLT) — each node is
weaved into the structure to point to previous nodes
in such a way that allows to reach any of them in
logarithmic number of steps.

Each one of them explores a different regime of
the design space, trading off pointer density,
traversal efficiency, and structural complexity while
preserving the same underlying FMT construction
semantics. We will directly focus on the last one,
since linear case is just a Merkle chain which leads
to linear growth of hashings in inclusion proof as
more nodes appear, while full-reachability case gets
to inflate the pointer tree quick, which also leads to a
substantial number of hashes for the same purpose
(on the other hand it's good for the cases with
limited number of nodes, like versioning).

Fractal Loom Tree (FLT): Binary Loom. The
Fractal Loom Tree introduces a logarithmically

structured predecessor selection rule, in which each
node references a small, structured subset of its
predecessors  determined by a hierarchical
decomposition of its index. In this subsection, we
consider the binary case, which forms the conceptual
and algorithmic foundation of the general
construction.

Unlike LFMT and FR-FMT, where pointer
selection is either purely linear or fully dense, the
binary FLT employs a sparse, structured selection
that guarantees logarithmic historical reachability
while preserving sequential, streamable
construction.

Let nodes be indexed Ni, No,..., Ni with i > 1.
We define three sequences:

(Sl’)rzl’
(gr )ra !
(jr)ra’

which describe the successive decomposition of the
index space associated with node N;. Initially

(11)

51211 flzi_l’ (12)
so that the initial local interval is
[s. s+, -1]=[1, i-1], (13)

which means all valid predecessors of Ni. For the
recursive step, for each » > 1, provided ¢, > 0, we
define:

1. The largest power of two not exceeding the
current slice length:

p _ 2L|0g2(€r)J . (14)
2. The selected predecessor index:
jr =S+ P -1. (15)

3. The next slice (the suffix strictly after j.):
Sr+l = jr +1’ £r+1 = I _Sr+l ' (16)

4. Process termination condition at the smallest
r such that ¢+1=0.

Let mi = r denote the number of iterations
executed by the binary decomposition algorithm for
node Ni. For each pointer slot k=1,..., mi, let ji
denote the predecessor index jr obtained at step r of
the algorithm, with the identification » = £.

Then the resulting binary pointer-selection
function is defined as:
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fbin(i,k)={ jo»  1<k<m, an

undefined, k > m.,.

The Loom aggregates these into the predecessor
set:

m;

Pbin(l): {fbin(l’k)}' (18)
k=1

The rest of the algorithm remains trivial. Thus,
each node N; references exactly the set of
predecessors  determined by the  binary
decomposition of its index range /1, i—1].

This construction greedily decomposes the
interval of predecessors using powers of two,
selecting exactly one pointer per level of binary
magnitude (Fig. 2).

SECNeNe RN R ee

Fig. 2. DAG-representation of Binary FLT

Source: compiled by the authors

The black arrows here show the stable path to
all previous nodes, which appears upon attaching a
node, whose index is a power of 2. The orange and
blue arrows represent the additional pointers at
respective power levels required at the moment of
weaving of each separate node into the already
accumulated structure.

As a result, the number of pointers per node
grows as O(logz(i)). Any node N; can reach any
preceding node N; via at most O(log(i)) hops. The
structure remains sequential and streamable: pointer
selection depends only on the current index i and
previously materialized node roots.

In contrast to the linear structure of LFMT and
the dense expansion of FR-FMT, the binary FLT
introduces a hierarchical temporal topology, where
predecessors are sampled at exponentially increasing
distances. This binary formulation serves as the
conceptual baseline for the generalized FLT
construction, in which the powers of two are later
replaced by higher powers of a radix b = 22
allowing finer control over the trade-off between
pointer density and traversal complexity.

The Fractal Loom Tree family. The Fractal
Loom Tree (FLT) constitutes the primary
contribution of this work. It introduces a tunable,
hierarchical temporal topology over an append-only
sequence of nodes, enabling logarithmic historical
traversal while remaining fully sequential and
streamable. Unlike LFMT and FR-FMT, which

represent fixed extremes of pointer sparsity and
pointer density, FLT defines a parameterized design
space controlled by a single architectural knob: the
radix b =22 a €N.

This radix determines the scale hierarchy used
by the Loom mechanism and thereby shapes the
structure of temporal reachability. Small radix
values (e.g., b = 2) produce sparser topologies with
deeper traversal, while larger radices (e.g., b = {4, 8,
16}) produce flatter, more pointer-rich structures
with shorter traversal. All variants preserve the
essential constraints of the FMT framework:
sequential construction, uniform reachability rules,
and finite-hop access to all prior nodes.

To motivate the general construction, we first
consider the binary variant b = 2. In this setting, the
index interval /7, i—1] is decomposed into slices
whose lengths shrink by powers of two. At each
scale 2", the Loom selects the largest power of two
that fits into the remaining suffix, effectively
partitioning the interval into 2", 2", ... segments.

The binary formulation is simple because each
level has exactly one nonzero multiple p-2", p € {1}.
Higher multiples do not exist, so no choice is
required. This “one pointer per scale” behavior
makes the binary case an instructive foundation, but
also exposes its limitation: its coverage of the
interval is minimal. To reduce hop depth, the
structure must leverage wider scales.

For radix b=22 where b > 2, each scale level ¢,
admits a set of nonzero multiples:

{pb, :1<p<b-1 pb </, }. (19)

Restricting to a single multiple per level would
dramatically underutilize the available scale
resolution and produce a structure no flatter than the
binary case. To exploit the expressive power of
higher radix values, FLT adopts the principle of full-
level coverage: At each level by, the Loom includes
all multiples pb, that fit into the current slice,
stopping only once a multiple exceeds the remaining
length.

This design accomplishes three objectives
simultaneously. Multiple pointers at each scale
collapse large portions of the index interval in a
single step, reducing hop depth below the binary
bound. The entire suffix is partitioned into
exponentially scaled blocks, ensuring reachability of
every ancestor. Because all predecessor indices are
deterministic functions of i, the construction remains
streamable, requiring no global restructuring.

In short, the binary case selects a single anchor
per scale, while the general case selects all viable
anchors, compressing the interval more aggressively.
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The resulting pointer set per node grows to at most
(b—1)logw(i)/, but pointer-tree depth remains
hyperlogarithmic relative to the number of nodes.

General Pointer-Selection FLT. Let nodes be
indexed N1, N, ..., Ni with i > 1. We fix a radix b >
2. For node N;, we want to select predecessors from
the interval {1, ..., i—1} by filling each scale level
with all valid multiples of b" that still fit into the
remaining suffix. We again work with “slices” of the
index interval.

Define three sequences:

(Sr)rzl’
(gr )ra !

(o).,

Initialization is identical to binary case (12)
(13).

And for each step » > 7 such that ¢ > 0
recursively execute the following actions:

1. Choose the largest scale that fits in the
current slice:

n, =log,(¢,), u, =b".

(20)

(21)

2. On this scale, consider the multiples uy, 2ur,
3Ur, ..., (b—Duy and include all of them that still lie
inside the slice length ¢.. Formally, for each p € {1,
..., b—1} with pur < ¢, define the global predecessor
index:

Lp*:sr+puf—L

' Pr

(22)

These are the pointers contributed by step r.
3. We then advance the slice to begin strictly
after the last chosen pointer:

St = jr +1, €r+l =i- Srig - (23)

We stop at the first R = r such that £z+1 = 0. At
that point, the entire interval {1, ..., i—1} has been
exhausted in a sequence of slices. Next comes the
pointer-selection function. Let

R

m=Y{pe{l, ... b1}l pu, <.}’

r=1

(24)

be the total number of pointers selected for node Ni.
Enumerate all indices j., in lexicographic order on

(r.p):

(j11 jz’ cee jmi):(jl,l’jl,zf --~’J1’p1*1 (25)

j2,1’ “.’jZ,p;’ ooy ijl’ .“’jR,pE) .

The general pointer-selection function is then
defined as:

fg(i,k):{Jk' Lsk=m. o

undefined, k > m..
The Loom aggregates these into the predecessor
set:

m;

P (i):U{fg (i’k)}'

=1

(27)

=~

Both binary and general pointer-selection
functions should add padding and place zero hashes
for all missing pointers, since number of slots per
level is pre-defined by radix of the formula, and
each pointer has a respective one. This simplifies the
algorithm of inclusion proof construction.

Summarizing, the obtained definition allows us
to select any radix that we prefer, define how many
pointer tree slots are needed for a certain number of
supported nodes, and choose the desirable depth of
the state tree needed to support some chain length.
All the formulas for evaluation of complexity will be
introduced in the next section.

PARAMETRIZATION AND STRUCTURAL
PROPERTIES OF THE FLT

At this stage, the construction itself is
considered fixed; the purpose here is not to
introduce new mechanisms, but to formalize the
design space exposed by FLT and to make explicit
the tradeoffs that govern its configuration.

Radix and Pointer Fanout. Although any
positive integer fits, we fix the k-ary traversal tree
radix as

r=2+1 aeN, (28)

which determines the branching factor of the
traversal structure. The reason behind such choice
for the radix will be explained in the section about
carry encoding. For each pointer node, the number
of pointer slots consumed per scale level is

s=r-1. (29)

This reflects the fact that, at a given scale, all
non-zero multiples of the base unit are populated.
Increasing the radix increases the temporal span
covered per level but simultaneously increases the
per-node pointer density, imposing a practical upper
bound on admissible values of r.
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Supported Levels per Pointer Tree Depth.
Let d denote the depth of the underlying pointer
Merkle tree. Given that each level consumes (29)
pointer slots, the total number of scale levels
supported by a binary pointer tree of depth d is

%%J:de—q.

This relation captures a central property of
FLT: increasing the pointer tree depth increases the
number of supported scale levels exponentially,
while increasing the radix increases the temporal
span represented by each level at the cost of higher
pointer occupancy.

Node Capacity and Block Support. For a
fixed radix exponent a and pointer-tree depth d, the
total number of nodes supported by the pointer
structure is

(30)

n(a,d)=r' :(Za +1)L27J. (31)

Let d; denote the depth of the state tree used for
block inclusion proofs. In the baseline configuration,
we take

(32)

so that traversal and state inclusion share the same
depth budget. This may not be the case when state
and pointer tree depths differ, yet simplifies the
process of evaluation. Then, the total number of
blocks supported by the combined pointer and state
trees is
d a 2] o4

b=n(a,d)-2% =(2°+1)" .2%.  (39)

This expression makes explicit that FLT
decouples supported history size from verification
cost: the block span grows exponentially in the
number of supported levels, while proof complexity
depends only on the level traversed.

Hash Cost Model. Verification cost is
measured in the number of hash computations
required to validate a block-to-anchor proof. A
single pointer hop requires

h=d+1 (34)
hashes, corresponding to a Merkle proof through the
pointer tree plus the root commitment. A block-in-
node inclusion proof requires

h,=d, +1, (35)

which, under the baseline assumption (32), yields hl
= h2. This symmetry simplifies verifier logic and
circuit construction. For a block located at pointer
level 11 € {0, 1, ..., I}, the worst-case verification
cost without additional caching is

w(l)=h -l +h, =h (1, +1).

Temporal Coverage per Level. Each pointer
level I; covers a contiguous range of blocks given by

[0, d,), =0
[d,rv dyert), =1

(36)

B(l,) €

(37)

Thus, while the verification cost grows linearly
with the level index I, the number of blocks covered
by that level grows exponentially in r. This
establishes the fundamental compression property of
FLT: large temporal distances can be authenticated
with a small, predictable increase in verifier effort.

Carry Encoding and Append Complexity. A
key structural property of the FLT pointer tree is that
the occupation of its leaf slots implicitly encodes the
temporal position of nodes. This encoding emerges
from the way pointers to nodes of different orders
are organized within the pointer tree.

Each level of the pointer tree reserves a
contiguous slot range for pointers referencing nodes
of a particular order. When new nodes are appended,
these slots are filled sequentially. Once all slots of a
given level become occupied, the structure behaves
analogously to a positional counter: the slots at that
level are cleared, and their accumulated state is
propagated to the next level through the creation of a
higher-order node.

This process mirrors the carry operation in
binary or radix-r counters. A sequence of appends
typically updates only the lowest levels of the
pointer tree, resulting in a stable and predictable
append cost. However, when the slot range of a
lower order becomes saturated, the carry
propagation causes the corresponding leaves to be
cleared and recommitted at a higher level of the tree.
In naive constructions, this would temporarily
increase append cost due to recomputation of
multiple leaves.

FLT mitigates this effect by exploiting the
structured zoning of pointer slots. Pointers to nodes
of different orders occupy slot ranges of size 2",
which aligns with the natural carry behavior of
positional counters. Because the leaves within such a
range are guaranteed to be simultaneously cleared
when a carry occurs, their commitment can be
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represented by a single zero hash at the
corresponding higher level of the pointer tree.

This observation allows the pointer tree to be
implemented as a Carry Sparse Merkle Tree (Carry-
SMT). Instead of recomputing commitments for
each cleared leaf, the subtree corresponding to the
cleared slot range is replaced by a single zero
commitment. As a result, carry propagation does not
increase append cost.

As a result, the append cost of an FLT node is
composed of three bounded components:

— pointer tree construction cost (bounded by the
pointer tree depth);

— state tree construction cost (bounded by the
batch size);

— root merge cost (constant).

Under the obtained construction, the cost of
appending a node and the cost of constructing the
pointer tree for that node, which is bounded by the
depth of the pointer tree, become equal. Since this
depth is fixed for a given configuration, the append
cost is constant.

When blocks are appended in batches, meaning
a state tree commits multiple blocks into a single
FLT node, this constant construction cost is
amortized across all blocks in the batch.
Consequently, the effective append cost per block
becomes extremely small compared to conventional
accumulator structures.

In summary, the pointer-slot occupation pattern
of FLT forms an implicit positional counter, and by
aligning pointer zoning with powers of two and
representing cleared ranges with zero commitments,
the structure achieves strictly constant O(1) append
cost per node while preserving logarithmic traversal
properties.

Island Nodes. The ordering rules of FLT create
a class of nodes that occupy structurally
advantageous  positions  within the traversal
hierarchy. These nodes can be described using the
expression

n=pr*, (38)
where r is the radix of the traversal tree, / <p <
r—1, 0 < k < I, with | denoting the number of
supported traversal levels.

Nodes satisfying this relation appear at
positions that align with higher-order pointer ranges.
Because traversal hops scale with powers of the
radix, these nodes can be reached using fewer
pointer hops than nodes located within the regular
sequential append window.

Such nodes effectively form structural “islands”
in the history of the FLT: checkpoints that provide

shorter traversal routes across large segments of the
structure.

The larger the exponent k, the greater the
distance covered by the corresponding pointer hops
and the fewer traversal steps required to reach the
node. As a result, island nodes provide naturally
efficient anchoring points for historical verification.

This property may have practical implications
for systems that synchronize state with temporal lag,
such as cross-domain verification or bridging
mechanisms, where targeting island nodes may
reduce proof size and verification effort.

Structural Pruning of Obsolete Traversal
Commitments. The logarithmic traversal properties
of FLT imply that multiple inclusion proof paths
may exist for the same historical node. As the
structure evolves, newly appended nodes introduce
higher-order pointers that provide shorter traversal
routes to older nodes.

Once a more efficient traversal path becomes
available, previously valid proof paths may become
permanently suboptimal and will no longer be
selected by the traversal rule. Although the historical
nodes themselves must remain available for
verification, the intermediate commitment data
corresponding to these obsolete paths no longer
needs to be stored.

This observation enables structural pruning of
redundant proof paths. Implementations may safely
discard commitment data associated with traversal
routes that will never again be chosen under the
pointer selection function. Over time, this prevents
the accumulation of unused path fragments that
would otherwise inflate storage requirements.

Pruning therefore targets redundant traversal
commitments rather than historical nodes, allowing
the logical structure of the FLT to remain intact
while significantly reducing the storage footprint of
long-lived deployments.

Interpretation of the Design Space. Taken
together, the parameters a, d, and d; define a tunable
instrument rather than a single fixed data structure.
Increasing the radix r shifts verification cost toward
wider but fewer hops; increasing tree depth expands
supported history while raising minimal inclusion
cost. The explicit separation between pointer
traversal and state inclusion allows these tradeoffs to
be reasoned about independently.

Analysis of pointer tree changes over time
allowed to apply both windowing optimization, and
find a configuration where append cost becomes
constant, which is a strong optimization for the
anchor synchronization on the first phase of zk-
bridges.
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At this stage, no assumptions are made about
anchor caching or radix-specific optimizations.
Those mechanisms refine the cost model derived
above but do not alter the structural relationships
formalized here. Their impact is analyzed in the
subsequent sections.

STRUCTURAL OPTIMIZATIONS OF FLT

Further structural optimizations are meant to
refine the baseline cost model established in Section
5. They do not alter the correctness or security
properties of the Fractal Loom Tree (FLT); instead,
they reshape verification costs by exploiting
temporal locality, structural asymmetry, and
hardware-aware hashing tradeoffs. In particular, they
significantly reduce the effective hash count for the
block ranges that dominate real-world bridge usage.

Anchor Caching and Pointer Lifecycles. The
primary optimization is anchor caching, which
allows selected pointer nodes to be stored
persistently in the verifying smart contract. Cached
anchors are updated only when their corresponding
pointer slots are overwritten, rather than on every
block append. As a result, each cached pointer
acquires a well-defined lifecycle.

For a pointer at level Iy, its lifecycle spans

L(I,)=2%r® (39)
blocks. During this interval, the pointer remains
valid and can be reused across all proofs referencing
that level. This persistence eliminates the need to
verify the initial pointer hop on every proof.
Consequently, the worst-case verification cost
derived in Section 5 can be rewritten as

w(l,)=h-1,,

which removes one full traversal hop from the cost
model. This change preserves the logarithmic
growth of verification cost with temporal distance
while strictly lowering the constant factor for all
non-zero levels.

Lazy Reorganizations. A distinctive property
of FLT is that all nodes are appended sequentially
and their commitments propagate through
subsequent nodes. At first glance, this suggests that
reorganizations could require large-scale
recomputation across the structure, but FLT avoids
this by introducing a simple restriction on traversal
during inclusion proof verification.

The verification process begins with the
selection of a cached anchor node from the most
recent frontier of the structure. After this initial hop,

(40)

subsequent traversal steps are restricted to nodes of
strictly lower order.

Because pointer slots corresponding to each
order occupy contiguous 2" ranges within the pointer
tree, the initial traversal direction can be identified
deterministically, while all further traversal steps
follow the decreasing-order rule.

This constraint introduces the notion of a lazy
reorganization. When a reorganization occurs, the
commitments corresponding to replaced nodes may
still physically exist within later nodes of the
structure, but they become unreachable under the
traversal rule and therefore irrelevant for future
proofs.

Only the cached anchors that intersect the
reorganization path must be updated. Due to the
lifecycle of cached anchors and the logarithmic
pointer structure, the number of affected anchors
remains small. In practical configurations, this
corresponds to only a handful of nodes even in
worst-case scenarios.

As a result, the computational cost of handling
a reorganization becomes equivalent to the cost of
verifying an inclusion proof, preserving the
logarithmic operational bounds of the structure.

Layer-0 State-Only Caching. A further
asymmetry can be exploited for the lowest levels of
the structure. If the latest r nodes are not used as
predecessors for subsequent nodes, their pointer
trees are semantically inactive. In this case, only
their state trees need to be cached.

This layer-0 cache allows the earliest blocks to
be wverified using state inclusion proofs alone,
without any pointer traversal. For this prefix,
verification cost collapses to a constant number of
state-tree hashes, independent of temporal distance
within the layer. This regime forms the lowest-cost
verification path and establishes a constant-time fast
path for the most recent blocks.

k-ary In-Node Trees. Both the pointer tree and
the state tree may be generalized from binary Merkle
trees to k-ary trees. Let

r,=1og,k , (41)
denote the radix exponent of these in-node trees.
Increasing k reduces tree depth proportionally while
increasing the number of words absorbed per hash.
Under this generalization, the hash cost per traversal
hop becomes

d
=1+—,
" r

1

(42)
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with an analogous expression for state inclusion. At
the same time, each hash absorbs 2™ words,
increasing witness size but reducing the total number
of hash invocations.

This tradeoff is particularly favorable for in-
circuit verification in zk-STARK-based solutions
[21]. While on-chain cost models weigh hash
invocations and calldata words differently depending
on the execution environment, zk circuits are
typically dominated by hash constraint counts rather
than word arity, though it comes with its own
tradeoff. As a result, exchanging a small increase in
word count for a reduction in hash invocations can
lower prover workload and circuit size.

Combined Effect on Verification Cost. Taken
together, these optimizations transform FLT from a
purely logarithmic authenticated structure into a
temporally  stratified system  with  multiple
verification regimes:

— a constant-cost regime enabled by state-only
caching at layer 0;

— a shallow logarithmic regime dominated by
cached anchors;

— a cold-history regime that retains logarithmic
guarantees but benefits from high radix and reduced
depth.

The introduction of anchor caching and k-ary
trees preserves the exponential growth of block
coverage per level. For each level |1, the covered
block range remains the same (37), but the effective
verification cost is reduced according to the revised
hash model. Thus, temporal span per unit of
verification effort increases monotonically under
these optimizations.

These effects are orthogonal to the baseline
parameterization and can be applied selectively
based on deployment constraints. Their combined
impact on practical proof sizes and verification costs
is demonstrated concretely in the following section.

CONCRETE CONFIGURATION AND
COMPARATIVE EVALUATION

The objective of this section is not to claim
asymptotic superiority, but to evaluate practical
verification cost under realistic Ethereum bridge
workloads, and compare them against the obtained
results with existing accumulator data structures.

Ethereum Temporal Parameters. At the time
of writing, Ethereum has exceeded 22* blocks. Block
production proceeds at approximately 22 blocks per
day, which implies roughly one month of block

production per 28 blocks [22]. To ensure long-term
safety and to avoid premature exhaustion of the
accumulator, we target support for at least 2%
blocks, well beyond the current chain height and
typical bridge lookback windows.

Choice of Radix and Tree Depths

The state-tree depth is fixed at d; = 6, so each
FLT node commits 2° = 64 blocks. Therefore,
supporting 2% blocks requires at least 22° FLT
nodes. For each considered traversal radix, the
binary pointer-tree depth is selected as the minimum
depth that provides sufficient pointer capacity for
this number of nodes. Each traversal scale consumes
r — 1 pointer slots (23), and the resulting number of
complete scale groups determines the supported
node capacity.

The resulting configurations are presented in
Table 1. The temporal scale cap denotes the
maximum backward distance covered before
traversal proceeds to the next scale.

The three configurations represent different
combinations of append behavior, pointer-tree depth,
and temporal span per level. For r = 9, each scale
occupies eight pointer slots, so a d = 6 binary
pointer tree provides eight complete scale groups.
For r = 17, sixteen slots are consumed per scale,
requiring a
d = 7 pointer tree to support at least 22° FLT nodes.
In both cases, » — I is a power of two, so the scale
groups remain aligned with complete binary subtrees
and append behavior remains stable.

For r = 11, each scale consumes ten pointer
slots. A d = 6 pointer tree therefore provides six
complete scale groups within its 64 available slots,
leaving four slots unused. This configuration
increases the temporal span of each scale without
increasing the pointer-tree depth, but its scale
boundaries do not correspond to complete binary
subtrees. Consequently, pointer cleanup is irregular
and a stable append cost cannot be assumed.

The resulting append costs are 70 and 71 hash
invocations per 64-block node for r = 9 and r = 17,
respectively. The append cost of r = 11 is not
evaluated because its pointer-slot groups are not
aligned with the binary tree structure.

The larger radix also increases the temporal
span covered by each traversal level. For r = 17, the
first three scale caps correspond approximately to 3
hours, 2 days, and 1 month, respectively, under the
assumed Ethereum block rate.
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Table 1. Evaluated FLT traversal configurations

Pointer tree parameters Temporal scale reach (blocks, time) Append
r | Slots/ Depth Scale Node Scale 1 Scale 2 Scale 3 Cost / 64
scale d groups  capacity blocks
9 8 6 8 43.05M | 512 15h ‘ 4,096 12h ‘ 32,768  4d 70
11 10 6 6 1.77M | 640 19h ‘ 6,400 19h ‘ 64,000 7.8d -
17 16 7 8 6.98 B | 1,024 3h ‘ 16,384 2d ‘ 262,144  32d 71

Source: compiled by the authors

Verification Cost for r = 17 Under Different
In-Node Radices. This configuration is used for the
verification-cost comparison because its first two
temporal regimes cover the selected recency ranges.
The state and pointer trees are evaluated with binary,
quaternary, and octary in-node hashing.

For the upper verification layer, the node
commitment is reconstructed from two pointer-tree
peaks and the state-tree root. The hashes required to
obtain these components and the final hash
combining them are included in the reported totals.
Thus, the use of a wider in-node radix reduces the
number of tree levels without adding another
terminal hash.

The resulting costs are 6, 15, and 23 hash
invocations for binary in-node trees, 3, 8, and 12 for
quaternary trees, and 2, 6, and 9 for octary trees
across the three temporal regimes. The first value in
each group comes from layer-0 caching
optimization.

Comparison with MMR and MMB. For
comparison in Table 2, the recency values k are
taken from the external MMR/MMB cost analysis
[23]. The source assumes an item production
interval of 6 seconds, so the comparison is made

using the same recency values k rather than by
converting them to the Ethereum time intervals used
above.

MMR is used as the primary baseline, while
MMB is included as an additional reference. The
FLT wvalues are determined directly from the
corresponding temporal regimes of the r = 17
configuration.

Comparative Summary. The choice of radix
demonstrates a clean tradeoff. r = 9 provides stable
append behavior and lower pointer-tree depth, at the
cost of a smaller temporal span per level. The choice
of r = 11 provides lower pointer-tree depth and a
larger temporal span per level, at the cost of unstable
append behavior. The choice of r = 17 provides
stable append behavior and a larger temporal span
per level, at the cost of a higher pointer-tree depth.

For the direct comparison with existing binary
Merkle-based accumulators, the r = 17 binary FLT
configuration is the primary case. Against MMR the
optimization ranges between 19.6% and 66.0%,
while against MMB — between 2.7% and 52.6%.
The main reduction for binary FLT is obtained for
the most recent elements, while the cost remains
lower over the larger recency ranges considered.

Table 2. FLT verification cost compared with MMR and MMB

FLT hashes / reduction (%) per r;

R((:)(iir;i:)k Bh?:r::;e Binary Quaternary Octary

(r=1) (r=2) (r=3)
600 17.65 @ 6 660% 3 83.0% 2 88.7%
MMR 2400 1866 | 15 196% 8 57.1% 6 67.8%
14400 19.95 15 248% 8 599% 6 69.9%
600 1267 6 52.6% 3 763% 2 84.2%
MMB 2400 1541 | 15 27% 8 481% 6 6L1%
14400 1897 15 209% 8 578% 6 684%

Source: compiled by the authors based on [14], [23]
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The quaternary and octary cases further reduce
the number of hash invocations, with reductions
relative to MMR spanning 59.9% to 83.0% and
69.9% to 88.7% respectively. These cases therefore
show the potential benefit of increasing in-node arity
for in-circuit verification, while the binary case
provides the most direct comparison with the
existing accumulator structures.

The obtained configurations consequently
provide different combinations of append stability,
temporal coverage, pointer-tree  depth, and
verification cost, allowing these properties to be
adjusted according to the requirements of the target
workload.

CONCLUSIONS

As a result of the conducted research, a number
of conclusions can be drawn, corresponding to the
objectives and analytical stages of the paper:

1. It has been established that proof cost for
accumulator-based  verification in  zk-bridge
architectures is most appropriately measured in
terms of cryptographic hash operations and their
input word counts, rather than asymptotic tree depth
alone. This cost model more accurately reflects both
on-chain verification expenses and in-circuit prover
workload under realistic deployment conditions.

2. The analysis of existing accumulator data
structures, including Merkle Mountain Ranges and
their variants, demonstrates that while they provide
strong asymptotic guarantees, they are not well
suited to verification workloads with pronounced
temporal locality. In particular, their proof size
distributions remain largely insensitive to the
recency of verified elements, and their structural
properties inhibit efficient caching and reuse of
intermediate states.

3. Second-order cryptographic accumulator
concept, and the Fractal Merkle Tree (FMT) and
Fractal Loom Tree (FLT) data structures have been
formally defined and analyzed. These constructions
generalize classical Merkle accumulators by
introducing multi-scale pointer selection, enabling
verification costs that grow logarithmically with the
distance of a block from the most recent state. This
establishes FLT as a temporally adaptive
accumulator.

4. The parameter space of FLT has been
characterized, including radix, pointer slot
allocation, tree depths, and derived capacity bounds.
It has been shown that these parameters allow fine-

grained control over both the minimal verification
cost and the span of cheaply verifiable history,
making it possible to tailor the data structure to
specific workload assumptions.

5. Anchor caching has beenS introduced as an
optimization technique that exploits the internal
structure of FLT. By persisting selected pointer and
state tree nodes across verification epochs, anchor
caching reduces worst-case proof sizes by
eliminating redundant traversal steps and enables
predictable pointer lifecycles. Analysis of structural
properties additionally unveiled the properties of
constant append cost, special nodes with cheaper
proofs, and optimization of obsolete paths. These
optimizations further amplify the benefits of
temporal locality and are particularly effective in zk-
circuit settings, where trading additional storage for
reduced recomputation, and achievement of fixed
logic without loops vyields substantial efficiency
gains.

6. A concrete parameterization targeting large-
scale blockchain histories has been presented and
evaluated. Using realistic  Ethereum  block
production rates, the selected configuration
demonstrates a significant reduction in proof size
across relevant verification horizons when compared
to existing accumulator designs. The results confirm
that the proposed approach strictly dominates
Merkle Mountain Range—based constructions under
requirements of zk-bridges.

Thus, all declared objectives of the study have
been achieved, and the stated purpose of the research
has been fulfilled: the concept of second-order
cryptographic accumulators has been established,
and a derived cryptographic accumulator data
structure has been developed and analyzed,
providing the lowest expected proof size under
realistic, temporally biased verification workloads.

Further research directions include the
exploration of alternative commitment primitives in
place of cryptographic hashing, such as algebraic
and polynomial commitment schemes; the
investigation of dynamic and adaptive parameter
selection based on observed access patterns; the
extension of the presented constructions to more
general directed acyclic graph topologies; and the
integration of pruning, sliding-window techniques,
and positional encoding to further optimize storage
and verification efficiency.
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AHOTALIA

Kpunrorpadidni akyMymsTopr € KIIOYOBHM KOMIIOHEHTOM CHCTeM Bepuikaiii OJOKUeHHIB, BKIIOYAI0OYM MOCTOBI PIllICHHS 3
HYITBOBHM posronomieHHsM (zero-knowledge bridges), me po3mip noka3y Oe3mocepe/HBO BIUIMBAE HA BUTPATH B MeEpexi Ta
MPOJYKTUBHICTh TOKa)KUKKa. [CHYIOUi KOHCTPYKIIii akymyssiTopiB, Taki sik Merkle Mountain Range Ta #ioro BapianTty, 3a0e3meuyioThb

CHJIbHI aCHMIITOTHYHI TapaHTii, alle He TIOBHICTIO BPaXOBYIOTh YaCOBO-3YMOBJICHI MIA0IOHU AOCTYITY, XapaKTepHi s CIIPaBKHIX
HaBaHTaXXEHb BepudikaTopa mpu poboTi. MeTow POGOTH € TpEeICTaBIeHHS Ta aHali3 HOBOI KpunrorpadidHol aKyMyasTOpPHOL
CTPYKTYpU JaHHX, SKa MiHIMI3ye OYiKyBaHHH PO3MIp JOKa3y 3a yMOB CIPaBXXHiX, 4aCOBO-3MIIl[EHAX HaBaHTaXKeHb Bepuikamii. Y
POOOTI 3ampOMOHOBAaHO Ta MPOAHATI30BAHO HOBHIA KJlac aKyMYIISITOPHUX CTPYKTYp Aanux — Fractal Merkle Tree (FMT) Ta Fractal Loom
Tree (FLT), 3 MeToro MiHiMi3arii 04iKyBaHOrO pO3MIpy JOKa3y I1iJ{ TAKUMH HABaHTaXKEHHSMHU. BapTicTs 10Ka3y (popMaii3yeTses uepes
KpunTorpadiuHi xen-orneparii Ta KUIbKICTh BXiIHUX CIIiB, IO BiJOOpakae sIK BUTPATH Ha BepU]IKAIIO B MEPEIKi, TaK 1 HABAHTAKEHHS
JOKaKuKKa BeepeuHi zk-manmora. Koncrpykuist Fractal Loom Tree BukoprcroBye Gararommapose BHOMpaHHs BKa3iBHUKIB (multi-scale
pointer selection), 1o 3abe3meuye 3pocTaHHs BapTOCTi Bepu(ikali JorapudMidHO 3aIe)KHO Bil YaCOBOI BiJICTaHI BiJ HAWCBIXKIIIOTrO
crany. XapakrepusyeThest Tpoctip mapamerpis Fractal Loom Tree, mokasyrouu, sk pajikc, TIMOWHA JepeBa Ta PO3MO/I BKa3iBHHKIB
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BIUTMBAIOTH HA YaCOBO-3AJIEXKHUH PO3IOILT pO3MIpIB T0Ka3iB. 3aIPONOHOBAHO ONTHMI3Aliio KEITyBaHHS SKOPIB, 110 JO3BOJISIE IOBTOPHO
BHKOPHCTOBYBATHU CTiliKi POMDKHI CTaHU Ta JOAATKOBO 3HIDKYE BUTpAaTH BepHQikamii y HalripmomMy Bumaaky. HaBeneHo HarmpsMku
TIOAAIBIINX JOCII/HKEHb TS PO3IMIMPEHHST KOHCTPYKII] Ha anbTepHATHBHI IPUMITHBY 3000B’I3aHHS, aJANTUBHUN BHOIp MapaMeTpiB Ta
OibI 3aranbHi rpadoBi cTpykTypH. OCHOBHHM pe3yIBTaTOM POOOTH € po3poOKa KPHITOrpadidHOro aKyMyIisiTopa, KU 3a0e3medye
CYTTEBO MEHIINI JIOKa3W IOPIBHAHO 3 ICHYIOUMMH KOHCTPYKIISIMH TiJI PEaiCTHIHHMHM, YacOBO-3yMOBJICHIMH HaBaHTKEHHSIMU
OnokueH-BepHdiKarii.
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