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ABSTRACT

Chebyshev polynomials are used to solve numerous applied problems in computer science involving interpolation theory,
approximation theory, numerical analysis, dynamical systems theory, and number theory. However, when forming pseudo-random
recurrent sequences, the use of derivatives of Chebyshev polynomials, especially of higher orders, is much less common in the
literature, although the issue is quite actual. This article somewhat fills this gap. It is shown that among recurrent sequences used
for information analysis and to improve its cryptographic protection, the Fibonacci sequence and its generalizations are the most
popular. This article considers a further generalization of Fibonacci numbers, namely, folded numbers k-sections of the Fibonacci
sequence. The objective of the research is to further generalize the Fibonacci numbers, namely, the collapsed numbers of the k-
intersection of the Fibonacci sequence. The research used modern methods of number theory. The properties of the obtained
sequences are determined, and new connections between their elements are found. A further development of Fibonacci-type
sequences is proposed, based on the relationship between the derivatives of Chebyshev polynomials of the second kind and
Chebyshev polynomials themselves, as well as on the relationship between the folded numbers — the cross-sections of k the Fibonacci
sequence and the derivatives of Chebyshev polynomials of the second kind through Lucas numbers. A number of identities are
obtained linking Fibonacci numbers and Lucas numbers. It is shown that higher-order derivatives of Chebyshev polynomials prove to
be an effective basis for solving certain problems in number theory, namely, the construction of new sequences. Thus, the study
resulted in a family of generalized sequences with higher order growth and more complex coupling coefficients than the known
Fibonacci sequences. This makes the resulting generalized sequences ideal for sparse data compression and for solving a number of
problems in information security. It is proven that the resulting sequences are original and are not presented in the OEIS
encyclopedia, confirming the potential of the proposed approach to the formation of various sequences that can be used to improve
the reliability of information systems.
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INTRODUCTION information. To protect data in the digital
environment cryptography methods are used.
Cryptography is an integral part of modern society
(electronic  mail, online  shopping, health
information, block-chain technologies etc.).

There are different data encryption schemes;
one of the possible schemes is related to stream
ciphers, which use a sufficiently long pseudo-
random sequence. A stream scheme converts a
stream of text characters into a stream of cipher-text,
and the conversion depends on the state of the
system. ldentical text characters will be encrypted
into different ciphertext characters. The simplest
stream scheme is the Vernam cipher [1].

The widespread use of the internet and other
public computer networks is increasingly facilitating
the globalization of electronic information exchange
in the socio-political, economic, financial, medical,
and military spheres. However, with the
development of these systems, the vulnerability of
the information space increases, creating favorable
conditions for interception, destruction, falsification,
and other illegal actions by attackers against
electronic documents of various formats.

One of the main problems of digital data
processing is the problem of unauthorized access to

To increase the cryptographic strength of the
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additionally used. Linear shift gives speed, nonlinear
increases cryptographic strength. If a pseudo-
random sequence is generated using nonlinear maps,
then it is possible to additionally use a linear shift.
Such shifts are generated by linear recurrent
sequences. Among them, the most popular are the
Fibonacci sequence and its generalizations [2]. On
various aspects of cryptography there exist
numerous literatures, for example, [3], [4].

The connection between combinatorial methods
inherent in the properties of recurrent sequences and
the problem of cryptanalysis once again
demonstrates the philosophy of intertwining
different branches of mathematics, how from one
fascinating theoretical problem solutions to other
quite practical problems can be generated.

PROBLEM STATEMENT

The Fibonacci sequence is defined by the
recurrence relations

X.,=X . ,+X

n+2 — “n+l

n=12,... 1)

n?

and initial conditions x, =1, X, =1.
In turn, the Lucas sequence is defined by the

same relations and initial conditionsXx, =1,

X, =3 ..
According to the OEIS electronic encyclopedia

[5] these  sequences  have  their  own
numbers: for the Fibonacci sequence

{F.}7,=112,358,13,21,34,55,...} the
number is AO000045; for the Lucas sequence
{L. )7, ={,3,4,7,11,18,29,47,76,123,...} it is

A000032 respectively.

Other examples of linear recurrence sequences
of the second order with different initial conditions
can be found in [6]. For example, the recurrence
sequence

Xppg =Xy — X, N=12,...,

n?

with the initial conditions X, =1 and X, =3,
defines a section of the Fibonacci sequence

{F,, )7, ={1,3,8,2155,...} with OEIS
A001906, while with the initial conditions X, =1,

number

X, =2 defines the section
{Foafr ={,2,51334,89,...} with OEIS
number A001519.

Let us look at another example.

Denote®,, =F,/F., n=12,..., k=12, ...

Since the number nk is a multiple ofk , then all
numbers @ are integers [7]. In addition, for each

k=1, 2,... the sequence {(Dn,k}w

n=1
the recurrence relation

X.,=LXx  —(-Dx, n=12, ...

is defined by

, (@)

and initial conditions x, =1, X, =L, [7, 8].
The numbers @, can be expressed directly
via Lucas numbers [9]

M~

[n—l} L
o= > "L e

j=0 J

For each k , the sequence {®,, }::1 has its own

number in [5], however, it does not have a special
name (at least the authors did not find this name in
the literature). In the present article, we will call this
sequence as K -section of the Fibonacci sequence.

Corresponding numbers in OEIS are: k=1,
A000045 (Fibonacci sequence), k=2, A001906

(section of the Fibonacci sequence); k=3,
A001076; k=4, A004187; k=5, A049666;
k=6, A049660; k=7, A049667, k=38,

A049668; k=19, A049669, etc.
Note that numbers generated by general

second-order recurrence relations
X.o=aX.,EX, n=42..., are studied
sufficiently enough, however specifically the

sequence {‘Dn,k}:zl is generated by «the golden

ratio» (expressed via numbers (p:%(u\@),

pl= %(—1+ \/g)

The next generalization of the Fibonacci
sequence is related to convolved numbers.

Convolved Fibonacci numbers are defined as
follows:

n

n-1
RO =FL RY =2 FaRSY . s=128.... (&)
j=0

From formulas (4) it follows that F® =1,

FZ(S) =S+1. When defining convolved numbers,
also modification of formulas (4) (simple shift by
indices), where F&) =1, F) =s+1 and F® =0

for n<s [10]. It seemed to us that the form of

130 Theoretical aspects of computer science,
programming and data analysis

ISSN 2663-0176 (Print)
ISSN 2663-7731 (Online)



Khamitov V. M., Dmitrishin D. V., Stokolos A. M., Gray D. A. [/

Herald of Advanced of Information Technology
2026; VVol.9 No.2: 129-139

defining convolved numbers via (4) is more
convenient, and such a form will be used in the
article below.

For each s, the sequence {F(S)} has its own
OEIS number:

FO) =0,2510,2038,...} -
FOf =1,39,2251111,...} - A001628;
FOF =1{,414,40,105256,...} - A001872;
{F®), ={,5,20,65,190,511,..

n=1

A001629;

.} - A001873
etc.

Convolved Fibonacci numbers were studied in
several papers - see some references, for example, in

[5]. The sequence {F(s)}n _, is defined by a linear

recurrence relation of order higher than the second
(for most s the order is equal to 2s).

For example, for s=1 convolved numbers
satisfy the relation [10]:

=X s+ X, —2X =X, N=12,....

These recurrence relations are easy to obtain by
the method of generating functions (this method will
be considered further). The connection between
generating functions and recurrence relations is
described in detail, for example, in [7], [11].

For numbers from k -sections of the Fibonacci

sequence it is also possible to define convolved
numbers by a formula similar to (4), namely

n-1
o0 =Z®,+1k®n ik
S (5)
(s) S (s-1)
Dk =2 P ®Prljks $=2,3,... .

=0

—

Since @, = F,, then ®f) =F®.

The main goals of the presented work are:
— finding representation formulas of convolved
numbers K -sections of the Fibonacci sequence;

— determination of properties of the sequence
{Cfo)k }w , finding new connections between
K p=1

elements of the sequence;
— finding of Binet type formulas for convolved

numbers @) .

To achieve these goals, the formulas connecting
derivatives of the Chebyshev polynomials of the
second kind and the Chebyshev polynomials of the
second kind themselves were used [12]. As side

results, various identities related to the elements of
Fibonacci and Lucas numbers, binomial
coefficients, convolved Fibonacci numbers and
numbers Kk -sections of the Fibonacci sequence

were obtained.

Additionally, we note that the sequences
{CIDS),( Jfor k=3/4,..., s=12,...
represented at the OEIS encyclopedia [5].

PRELIMINARY RESULTS

Relation (1) can be considered as a linear
difference equation with the given initial conditions.
The roots of the corresponding characteristic

equation are ¢ and—¢ ', and the particular
solution is represented in the form

are not

F, = —(pn(;(_(ﬁ)n = %(w" ~¢)"). @

Similarly,

L=¢"+(-9)". (7)

Formulas (6), (7) are called Binet formulas for
Fibonacci and Lucas numbers [7].
z
fl(z)=— is the
@)=
generating function for the Fibonacci sequence [7];
this means that

The function

ZF 2

1-z2-7° =

For the section of the Fibonacci sequence

{an :1 the generating function will be

; z

f(z)=————, where — F.z'.

) 1-3z+7° 1-3z+ 22 ; 2
Consider k -section of the Fibonacci sequence.

Using (2) and the connection between the generating
function and recurrence relations, one can determine

the generating function for @, [7, p.230]:

fi(z)= .

1-Lz+(-D*z*’

: -y, 7 ()=

1-Lz+(-)2 4

fi(z)=f(2).

t(2),

where

ISSN 2663-0176 (Print)
ISSN 2663-7731 (Online)

Theoretical aspects of computer science,
programming and data analysis

131



Khamitov V. M., Dmitrishin D. V., Stokolos A. M., Gray D. A. [/

Herald of Advanced of Information Technology
2026; VVol.9 No.2: 129-139

For convolved Fibonacci numbers F( the

generating  function is defined as [10]
= z
f(z)= ; Foz,
@) (1—2—22)“1 (1— -1 )5+l Z
The function g(z,t)= is called

1-2tz+7?
the generating function for Chebyshev polynomials
of the second kind Un(t) [13], so that

U

M8

1- 2tz+z )

where [14] Un(t):i(_l)i[n} j]zﬂthnZJ .

j=0

since zg(z/i,i/2)=f(z), 29(z,3/2)= f(z)

Similarly,

) = U,,672).

Formulas (10), (11), (12) are a generalization of
the well-known formulas (8) and (9).

MAIN RESULTS

Further results essentially are obtained on the
formulas connected derivatives of Chebyshev
polynomials of the second kind U®(z) (s is the
order of the derivative) and the Chebyshev
polynomials of the second kind themselves Un(z).
Let us present these formulas [12].

(12)

U9 ()= n_zz?(_l)i(”‘_ ‘I“‘ijz“iznzjs . (@3

f J S

i =-1), then[7 1
(i = 1), then [7] zslluéi_{%[zzﬂ B:
(_ i)nilun—l(i/z) = I:n’ (8) > ) (14)
Mloan+s—1-jYs+j) .
Un71(3/2): Fn ©) =z IZO[ S j( S JZJ
- - — ¢ - - dd, l 71
Further, zg(z/l,(J/Z)Lk) f (z) if k iso } Un(i)sl(l(zz ., ZJJ:
andzg(z, i/2)L, )= f,(2), if k is even. Then 2's! 2
n-1
i =z 2 (1-z)®". , (15)
N i N
®,, = Fnk = . (10) -Z(—l)‘( . J( - J](zi —7")
k Un—l(z ij, k —even =0 J B
2 2P
Let us return to convolved Fibonacci numbers o (1‘2 )U5+)s—1(z): ) (16)
(s) : . 1
F.> . Letus find :(_1)52(_1)j (n+rs]_1 JJ[HZZSJUMS_H;(Z)
o g(z t) 25 gl z° _ Binet type formulas for convolved Fibonacci
ot® (1_2tz+22)3+1 numbers are obtained from (11), (14), (15) by
- 0 . 0 substituting — @*for z:
=YUO)z' =Y UD(t)z! =
jZ:‘:; : jzz;‘ : Fn(S) — (_ 1)"—1(0—n+1'
OO S j+s— nd f —1— i i
-3U0, 02 e
j=1 j=0 S S
O (+) = i
(U,- (t)— ] < S). Fo_ o™ (n+23J(n+S_1_ J-J
Then —M S Z © |t (RO )25*1 n-1 ). @7
(1 2tz+12 ) 2°sl5 j=1 ( ( anZJ +(p2(n+25 J)))
consequently, From formulas (17) and (6) follow the
( -)n connection between convolved Fibonacci numbers
FO = > u® (i/2). (11) and Fibonacci numbers:
sl
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S n+2s\n+s-1-j
F® =5 Z( j( - an+25_2j.(18)

In  derivation of (18), the formulas
—n+1 -n_,-s
% Qo ¢
T = — and
(+o’ " (p+o7flp+o?)
_ _1 n __—(n+2s-2j) n+2s-2j
( ) 4 il =95 »; were used.

p+o
Formula (18) can also be obtained from (16) by
substituting z=i/2. This formula substantially

refines formula (1.12) from [10].

For s=1: F® :%(nFM +(n+2)F,).
For s =2:

Fo_ 1

" 25

G n(n+1)F,,, +n(n+4)F,, + ; (n+3)(n+4) Fnj
Note that the sequences {F,® |, represented in

OEIS by the following numbers: for n=2 -

A000027, n=3- A000096, n=4- A006503,

n=>5 - A006504, etc.
Now, let us differentiate identity (16)

Sl 2 @ S - fUge)-
S ] (el e VRN

and substitute z =1i/2. Then, applying formula (11),
we came out with

4s5'F + 2(s +15°F Y =

n+2s\n+s—1—j ;
_22( J[ n—l an(gs 2j-1

whence
9__26-1D ¢
Fn( )= I:n(+1 )
. (19
n+2s-1\n+s-1-j)_,
_1 n Fn+Zs 2j-2
Formula (19) allows obtaining various

corollaries. For example, let s =2:

(n+2)F®

I:n(2) = 1](-:) n+2 2Fn(}—)l + (n + 3)Fn(l))'

By taking into account (18), formula (19) takes

the form
1 S-l(n +2s —1j(n +s-1- j}
S0 J n

Fn(S) = 5571 z
2(s-1)
' (Fn(gszjz - T Fn+252j1j

Using (19) it is not difficult to obtain other
identities that connect convolved numbers
Fibonacci.

For k -sections of the Fibonacci sequence the

Binet formulas are obvious. From formula (11) for
(i/2)L, ,k—odd,
1/2)L, ,k—even
follows immediately. Note, that formula (10) is a
consequence of formulas (7), (13) for s=0 and
z=—¢°.

For convolved Kk -sections of the Fibonacci

s=0 and z:{ formula (3)

sequence Cfoi the generating function is defined

similarly to the case F.*:

£(z)= : ;
) A-Lz+ (222"
Z > .
=> o 77,
A-Lz+ (1)) 20

Indeed, using [7, p.216], [11], we obtain
z 1

1-Lz+ (022 1-Lz+ (122

Zi[nzl‘,q)m,kq)nl,szj ZCD(D 7!

j=1 \_I=0
A 1

L-Lz+(C1 ) 1-Lz+ (-7
—i(zcb.ﬂk@(:.%ajzj N
i=1 \_1=0 =1
Whence

7L ) k-odd

U éj)sl(% L, j k —even

Binet type formulas for convolved numbers
are obtained from (14), (15), (20) by

5 _ 1

= . (20
n,k ZSS! ( )

(s)
CDn,k
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substituting — ™ for 2 if k isodd, and o™ itk o }* 1 8 50,280,1475,7472,36836,...},

is even:
the corresponding screenshot is presented in Fig. 1.

D) = (~1) " Similar results are obtained for all sequences
‘ "1(_1)jk(”+5—1— jJ[s+ J}pzjk ’ {CDSL}L k=34,...,s=12,... . Itis interesting
= S S o
: kmezs) to note that even the sequences {ch,k}n=1'
) =~ k =13,14,15, ..., are not represented in the OEIS.

(0 +o™f
It follows from (10), (13), (21) that

Z(( ) l)J(nJrJZS](nﬁL:j_ Jj o0 JHZZE](—l)(k'm(nJrs_l_ jj[n+s—1—2jj(l_k)n_1_z,- _

‘(_ (_1)kn¢2k1 +¢2k(n+25—j))) o j S
From (16) and (6) the following formula is Then
obtained, which is a complete analogy of formula o)

(18): Z (L2 n+sjl—j n+s-1-2j (L) =
) =5°(F )= = i s . (22)
nk — k .

- 25 ny 2s\(n+s-1-j

- :55F 2s-1 _1(k1)J n+ F V
.i(_l)(k—l)j n+2s)n+s—1-j) N (21) (F) j:o( ) ( j J[ N1 Jk(mm,)
j n—-1 k(n+2s-2j)

An equivalent formula is

j=0

Description of the sequence {(fo,{ }:11 for the

OEIS:
@) =5°(F )*- — by definition
n-1
s aifn+2s\n+s—1—j - o,  =F,/F., oL =N . Dd
.;(_1)@ 1)1( J j( - Jq)(n+252j),k k k/ k n,k JZ() j+Lk ©n-j,k
n-1
In particular casess =1, s =2 we have: o) = Zq)kaDEf ,1)k , $=2,3,...;
oY, = S(Tl)z(nq)mz,k +(-1)(n+ 2)q)n‘k); — via generating function @ are the
k coeff!cients in the series expansion of the generating
CDE\? = o5 (1 )4 (in(n +1)(Dn+4,k + function
z
' f(z)= —;
( ) (n+4)q)n+2k (n+3)(n+4)q) ) (1_Lkz+(_1)k22) '
1 — by Binet formula
Note that DL = (s +1)s+4),
) 2 —k(n+2s) s )i n+25
. o) =L oS ",
D) = E(S +1)9s +16); the sequence o +o " 3 b/
. n+s—1-]j (1 2k 2k(n+2s-j)

(o)} ={50,99,164,245,342, ...} has a special ( n-1 J( C1f7e™ +e )

name "number of walks on a cubic lattice" [5], its
OEIS number is A005570.

The sequences {CDS)k}::l for k=34,...,

s=12,... are not represented in the OEIS
encyclopedia [5]. For the sequence
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013627 THE ON-LINE ENCYCLOPEDIA
JPE“ OF INTEGER SEQUENCES ®

10221121

founded in 1964 by N. ]J. A. Sloane

|1‘ 8,50, 280, 1475, 7472, 36836, 178000, 847045, 3982200 H Search | Hints
(Greetings from The On-Line Encyclopedia of Integer Sequences!)

Search: seq:1,8,50,280,1475,7472,36836,178000,847045,3982200

Sorry, but the terms do not match anything in the table.
There were no advanced matches found for the numeric terms in your query.

If your sequence is of general interest, please submit it using the form provided and it will (probably) be added to the
OEIS! Include a brief description and if possible enough terms to fill 3 lines on the screen. We need at least 4 terms.

Search completed in 1 405 seconds
- - 00
Fig.1. Screenshot of checking for the sequence (@,
3 )n=1
Source: compiled by the authors

— the explicit formula via Fibonacci numbers Using the formula from example 18.7 [7,
p.222], we obtain the consequence

q)ffl)( _ ( ) 25-12(( )(k—l)j[n +.2S]- "

n—j) 1
J ; J( - ] 5 ((n 1)Fn+1 + (n + 1) Fn—l) =
n+s—-1—j E ) i J
n-1 k(n+2s-2j) :%(nLn—Fn)
— via recurrence sequence:
define the linear form From (18), taking into account that F® =1,
Kk S+1 S+ .
(1_ Lz+(-1) 22) =ALz,2. 27), FY =s+1, F3(S)=%(s+1)(s+4),

the recurrence sequence is:
1
s () — =
A(Xn+25+2’ Xnszsedr +o 1 Xn): 0, X; = (I)(J)k ) F4S B 6 (S +1XS + 2)(S +9)1

j=1...,n+2s+1.
F® :i(s +1)s+2)s+4)s+15), it follows
SOME MORE IDENTITIES 24

Identities connecting Fibonacci numbers, Lucas that
numbers, binomial numbers have been known for a 1 < (1+2s
long time, and this community is replenished almost 55 Fios 2j 1,
every day [7], [15], [16], [18], [19]. In this section, 1=0
consequences of the identities obtained below will 1 (2+2s 1 = Cs41
be presented. Of course, most of these identities are ?Z ; ( +tS- J) R
known (or easily derived from known ones), but, 3’202 ) )
nevertheless, we hope that some identities are new. 1 (otes)e+s—) 1
From formulas (4) we obtain that 5s ,Z_:;( j 2 Fososa; = 2 (S +1)(S * 4)
n-1
FiaFo F.., +(n+2)F,), : o
= 2 Lg[Ar2syses—i) .:1(s+1)(s+2)(s+9)
- 55 — J 3 4+2s5-2]j 6
. J=
ZFj+1((n_ J)Fn+2 j +(n+2 J)Fn—j):
j=0 )
1(1 1 '
= 5(2 n(n+1)F,, +n(n+4)F , + 2(n +3)(n +4)Fnj
ISSN 2663-0176 (Print) Theoretical aspects of computer science, 135
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1 S (5+2s\4+s— ]
s . F5+Zs—2j =
5° =0 J 4

=2—14(s+1)(s+2)(s+4)(s+15)
etc. (everywhere s is natural number).
From the definition of numbers ®
(5)) we obtain:

n-1

) (formula

F

Geok P =
j=0

1 .
(1R, + (1) (N4 2)F,)

5F
F(Hl)k ((
j=0

ZE(E (n+1) (n+4)k+( )kiln(n+4)|:(n+2)k+

n-1

) (n-j+2)k ( )kl(n_J+2)Fnj)k):

+§(n +3)n+4)F,,).
Let us take into account that @) =1,
@5 =(s+1)L.

O =2 s+ 15+ 2)Ly, + (6 +JF(-1) . Then

o = (s+1)s+2s+3)L ) -

—(s+1)s+2)-1)L

(by virtue of equalities

1
F 2s — 5_5 .
(F) (s+1)F,,

i 2+2S .
.Z(_l)(k DJ[ j j(1+ S— J)Fk(2+25—2j)

0

5°(F) ™

ST (3 +_2s](2 + ; _

j=0 J

j
]Fk(3+252j) = (25)
— s+ D5+ 2) + (6 + (1)

S

2ot (] 4+25j(3+s—jJF o
e X

= g(s +1)s+2)s +3)L ) — (s +1)s +2)-1)L,

For small values of k or sthe formulas can be
obtained, which, as a rule, have already been
discovered earlier (most likely by other methods).
For example, from (23), (24) taking into account that

L, =F,/F (for s=1, 2, 3), we get

Fyr (Fk )2 = %(FAk + (_ 1)k712 Fa )

1 N

F2k(Fk )4 o5 (FGk +( 1)k ‘4 Fa +5F2k)'
1

Fu(F) =15

21 2+s( ) 2(8 -l-:l.)(S-i—Z)Z2 —(S +1), (FSK +( )k 6 Fo +14F,, +( 1)k7114 sz)

1 4 \ L, = Fu — ( ) 25, _ Foi ( 1) 4F, +5F,
258!U3‘2(z):§(s +1)s+2)s+3)2° - F, —(-1)3F  F, —(-1)'5F, +10F,
~2(s+1)s+2)z etc.

Then From (25) for s=0,1, 2, 3:
s (1+2 F
_ Fk )2512(_1)(kl)1( +j S]Fk(1+232j) =1, (23) F—3: = L2k + (— l)k )
j=0
or 18R, + (-1} 5F, )=3L,, + 4(- 1),
S 5(Fk)
(F )25+1 _gs (_ 1)(k—l)j 1+2s E _ 1
‘ 2 jo) kwes2i) (2R, + (-1 7Ry + 7R, )= 20, +3(-1),
25(F,)
575 F —25-1 .
(F) (24) R, + (1) 27F, +54F, + (1) 42, )=
'Zs:(_l)(k_l)j(z-’-sz(l-i-S— j)F o 125(F ) ,
= i e =50, +8(-1f
- (S * 1)Lk etc.
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From (26) for s=0,1, 2, 3: polynomials themselves, as well as on the
relationships between the folded k-section numbers
Fa _ of the Fibonacci sequence and the derivatives of
F Chebyshev polynomials of the second kind via
Lucas numbers. A family of generalized sequences
with higher order growth and more complex
coupling coefficients is obtained, making it ideal for
sparse data compression. It is shown that higher-
order derivatives of Chebyshev polynomials have
proven effective as a basis for solving certain
problems in number theory, namely, constructing
new sequences. It is noted that the role of
Chebyshev polynomials is difficult to overestimate;
they represent a powerful tool for solving a variety

L R, +(-1)16F, +14F,, )=

=5(L) - (-1) 6L,

(

1 ( k1 k-1 )_
FlOk +(_1) 5F8k +9F6k +(_1) 6F4k -
(

—(L )3_ _1)k|_ of applied problems: interpolation theory,
SV k approximation  theory, numerical analysis,
etc. dynamical systems theory, number theory, etc.

However, derivatives of Chebyshev polynomials,

Using formula (22), one can also obtain further
identities for different values of n,k,s.

CONCLUSION

This paper considers a further generalization
of Fibonacci numbers, namely, folded Kk-section
numbers of the Fibonacci sequence. The proposed
generalization of Fibonacci numbers is based on the
relationships between the derivatives of Chebyshev

especially higher-order ones, are encountered
significantly less frequently in the literature,
primarily in studies of the general properties of
orthogonal polynomials. This article, to some extent,
fills this gap. It is also proven that the resulting
sequences are original and not presented in the OEIS
encyclopedia, confirming the originality of the
proposed approach to constructing Fibonacci

polynomials of the second kind and the Chebyshev sequences using Chebyshev polynomials.
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AHOTALIS

Ipu BupimenHi Ge3nmivi MPUKIATHUX 3aBAaHb y raiy3i KOMITIOTEPHHX HAYK, 1[0 BUKOPHUCTOBYIOTH TEOPIIO 1HTEPIONSAILLi,
TEOpit0 HAONMKEHHs, YUCENbHUI aHaji3, TEOpil0 IHHAMIYHUX CHCTEM, TEOPi0 YMCeNl BHKOPHCTOBYIOTH OararowieHu YeOwuiiesa.
Opnak mpu GopMyBaHHI TICEBOBHUIIAIKOBUX PEKYPEHTHHUX MOCTiIOBHOCTE BHKOPHCTAaHHs MOXimHUX OararowieHiB YeOwuiiesa,
0COONMBO BUIMX MOPSAKIB, 3yCTPIUa€ThCs B JiTepaTypi 3HAYHO Pijile, XO4a NMHUTAHHS € JAOCTATHbO aKkTyajdbHuMm. L1 crarrs
TIEBHOIO MipOIO 3aTIOBHIOE 1110 TporaiuHy. [lokazaHo, mo cepel; peKypeHTHHX TOCIiI0BHOCTEH, sIKi BAKOPUCTOBYIOTBCS ISl aHATIIZY
iHdopMamnii Ta MiABHIIEHHS i KPUNTO3aXHCTy HAWOLIBIN TOMyNspHi mocmigoBHiCTh DiboHauydi Ta ii y3aranbHeHHA. MeTolo
JMOCJIIBKEHHsI € TOflIbIlie y3arajdbHeHHs yncen DiboHaudi, a came, 3ropHyTi umciaa K-meperuHy nocmigoBHocti ®@iGonauui. B
MpoIeci JIOCHIKEHHSI BHUKOPHCTAaHO cydacHI MeToau Teopii umcen. I[IpoBeneHo BW3HAYCHHS BIIACTUBOCTEH OTPUMAaHHUX
TIOCITITIOBHOCTEH, 3HAXO/DKEHHSI HOBUX 3BI3KIB MIX iX €JIeMEHTaMHd. 3aIpONOHOBAHO MOAANBIIHN PO3BUTOK MOCIIAOBHOCTEH THITY
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diboHauui, KM 3aCHOBaHMI Ha 3B'I3Ky MIXK ITOXiTHUMH OaraTouwreHiB YeOuiesa qpyroro poxy Ta BiacHe noxiHoMaMu Yebuiesa,
a TAKOX Ha 3B'13KY 3ropHyTHX unceln K-mepetuny mocnigoBrocti GiboHaydi 3 MOXigHUME ToMiHOMIB YebuIneBa Apyroro poiy uepes
gucna Jlykaca. OTpuUMaHO psl TOTOXKHOCTEH, IO TOB'S3yrOTh umcina Pibonawui Ta uymcna Jlroka. [lokazaHo, mio moximHi
OararouieHiB YeOuineBa BHIIOrO MOPSIKY BUSBIIINCSA €(EKTHBHUM 0a3ncoM Ha BHPIIICHHS JESKHMX 3aBIaHb TEOpil YMCelN, came,
MoOyOBM HOBUX IMOCHiZOBHOCTeH. TakuM 4YMHOM, B Ppe3yJabTaTi  AOCTIIKeHHS OTPHMAaHO CIMEHCTBO Yy3arajabHEHHX
MTOCJTIIOBHOCTEH 31 3POCTaHHSAM BHIIOTO MOPSIAKY 1 CKIAIHIIIMMHU KoeQillieHTaMH 3BSI3KY HIK Y BIJOMHX IIOCIIJOBHOCTEH
®idonayui. lle pobuTe OTprMaHi y3araJbHEHI HOCTIJOBHOCTI 1/IEaTbHUMH JUISi CTHCHEHHS PO3P1UKCHNUX NAHHUX, BUPIIICHHS HU3KH
3aBIaHb y cdepi 3axucry. JoBeneHo, Mo OTpHMaHi MOCIIIOBHOCTI € OpUTiHANEHUMU 1 mpexacrasneHi B enmmioneaii OEIS, mo
IATBEP/UKYE TTOTEHIlial 3aIIPOIIOHOBAHOIO MiIXOAY 10 (OPMYBAaHHS PI3HHX ITOCIIIOBHOCTEH, SKI MOXKYTh OYTH BHUKOPHCTaHI IS
T IBUIICHHS HAAIHOCT1 1H)OPMAIIIHHUX CHCTEM.

KurouoBi ciioBa: inpopMamniiiHi ciucteMy; mmppyBaHHsS JaHHX; AITOPUTM JiHiHHOTO 3cyBY; uncna ®ibonawyi; gucna Jlykaca;
ckazeHi yncia Oibonaudi; K-mepepizu mociigoBHocri ®iGoHaudi; nOXiaHI moaiHOMIB Uebuiesa apyroro poay
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