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VOLTERRA NEURAL NETWORK CONSTRUCTION IN THE NONLINEAR
DYNAMIC SYSTEMS MODELING PROBLEM

Abstract. The features of using the theory of Volterra series and neural networks in problems of nonlinear dynamic systems model-
ing are considered. A comparative analysis of methods for constructing models of nonlinear dynamic systems based on the theory of
Volterra series and neural networks is carried out; areas of effective application of each method are indicated. The problem statement is
formulated, consisting in the creation of a mathematical apparatus for transforming models of nonlinear dynamic systems derived from
the Volterra series apparatus into an artificial neural network of a certain structure. The three-layer structure of a direct signal propa-
gation neural network has been substantiated and investigated for represent nonlinear dynamic systems. It is outlined a class of systems
that can be efficiently approximated by this network. The dependence of the Volterra kernels coefficients and the weighting coefficients
of the hidden layer of the three-layer forward-propagation neural network is established. An algorithm for constructing an artificial
neural network based on the Volterra series is given. The results of computer simulation of nonlinear dynamic systems using the Volterra
neural network and direct signal propagation neural network are presented. The analysis of experimental data confirms the effectiveness
of using Volterra neural networks in problems of modeling nonlinear dynamic systems. Conclusions and recommendations on the effec-

tive use of Volterra neural networks for modeling nonlinear dynamic systems are made.
Keywords: neural networks; Volterra series; nonlinear dynamical systems

Introduction

Modeling of nonlinear dynamical systems is
widely used in investigations of complex objects and
systems of the surrounding world. An effective
method of such studies is the use of the theory of
Volterra series to describe the nonlinear and dynam-
ic properties of the control object (CO) according to
the input and output data.

As disadvantages of this method, it is worth
noting that models in the form of the Volterra series
are well suited for modeling an CO with weak iner-
tial nonlinearities, as well as a high computational
complexity of calculations of the Volterra kernels of
higher order.

Another approach to solving this problem is the
use of artificial neural networks of direct propaga-
tion and, in particular, three-layer perceptions.

The neuronal artificial neural networks (NN)
are used in various applications with great success
because they are versatile and capable of generaliza-
tion. But on the other hand, the use of NN is associ-
ated with certain problems, most importantly - there
is no guarantee that a fixed model will work well to
solve an application problem.

The lack of effective methods for constructing
models of nonlinear inertial objects possessing pre-
dominantly Volterra and NN series simultaneously
induces further research in this area.

Problem statement. A comparative analysis of
the considered methods of constructing models of
non-linear inertial objects is difficult due to the use
of fundamentally different modeling methodologies.

Volterra series are analytic expansion expres-
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sions for nonlinear functional, while NN are struc-
tural imitative models.

To date, there is no universal mathematical ap-
paratus for pre-braining models in the form of
Volterra series in the NN. In this paper, the task of
searching for such a mathematical transformation is
proposed, which would link the models in the form
of the Volterra series in the NN with the preserva-
tion of nonlinear and inertial properties of the CO.

Analysis of recent research and publications
The widespread use of both methods in practice de-
termines the actual task of conducting a comparative
study of both methods with a view to their further
development.

For a universal description of an CO of un-
known structure, it is advisable to use nonlinear
nonparametric dynamical models based on integral-
power Volterra series, the main feature of which is
simultaneous and compact accounting of nonlinear
and dynamic properties of CO in the form of multi-
dimensional weight functions — Volterra's kernels
[1; 2]. Calculation of the coefficients of the kernel,
in the general case, is a problem requiring a large
amount of computation [3]. Some authors proposed
a method for extracting the Volterra kernel of any
order as a function of the weights of a direct propa-
gation of a neural network with a delayed time with
one hidden layer [4]. Determination of the coeffi-
cients of kernels of various orders using other topol-
ogies of neural networks is given in [5-7], also in the
electronics field [8; 9].

All these approaches relate to inputs of time se-
ries of one variable. In practice, not only the rows of
time series of one variable are of interest, but func-
tions that depend on many variables [10; 11].
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An analysis of recent studies and publications
showed insufficient coverage of the problem of the
creation of a mathematical model for transforming
models in the form of Volterra series in the NN.

The purpose of the study. Improve the accura-
cy of simulation of nonlinear dynamic CO by devel-
oping a combined method based on the Volterra se-
ries and the direct propagation of the NN.

To achieve this goal, the following tasks are set.

1. Selection and research of the structure of the
artificial neural network for the representation of
nonlinear dynamical systems.

2. Determination of the dependence of Volterra
kernel coefficients and weight coefficients of the
corresponding neural network.

3. Development of an algorithm for construct-
ing an artificial neural network based on the Volterra
series.

4. Research and analysis of the proposed algo-
rithm with the help of computer modeling of the test
nonlinear dynamical object with Volterra NN and
direct signal propagation.

Research methods. Theoretical studies are
based on the theory of nonparametric identification
and modeling of nonlinear inertial systems for the
construction of integral information models based on
multidimensional weight functions, the theory of
functional analysis and the theory of artificial neural
networks for the construction of information models.

The elements of the theory of computational
experiments, as well as the means of simulation
simulation, are used to solve test and applied prob-
lems and to analyze the accuracy and noise immuni-
ty of information models.

The method of constructing an artificial neu-
ral network based on the Volterra series. Volterra
NN is a network with polynomial nonlinearity,
which allows us to construct models for identifying
nonlinear objects, eliminating interference noise, and
also for forecasting variables in time of unsteady
signals, for example, forecasting of transport flows
[10; 11].

The Volterra expansion for describing the non-
linear dynamic systems with many inputs and many
outputs in a discrete form for the implementation of
the NN can be presented in the following form:
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where: yj(t) — CO response on output j at the current
time t under zero initial conditions; xi(t),...,X(t) —
input signals; Wif...i (7, 7,) — Volterra kernel of

order n by is,..., i outputs and output j, the functions
symmetric relative to real variables zi,...,m; v, ¢ —
number of CO inputs and outputs, respectively.

Each term here is a co-linear linear first-order
filter, where the corresponding weights represent the
impulse response of another linear filter of the next
level.

The following notation has been adopted:

X =(X1,Xt1,...,X1)" — input vector; L — number
of single delays; wi , wij, Wik — weights of NN,
named Volterra kernels coefficients, corresponding
to the reactions of higher orders; K — levels count.

Volterra NN training, presented in Fig. 1, it is
proposed to carry out with the help of a stochastic
analog of an adaptive learning algorithm [13], which
is based on the idea of the methods of conjugate
gradients. Details of VVolterra NN training algorithms
can be found in [10; 12; 14].

Fig. 1. Structure of the NN on the
basis of the Volterra series at K =2

The algorithm for the construction of Volterra
NN is considered in [15]. For the simulation of non-
linear dynamic objects, the considered algorithm
was further developed.

Step 1. Determinate the number of input neurons
based on the input vector X, the number of levels K, on
which the filters are defined to be equal to 1.

Step 2. Carry out preliminary normalization of
the data according to the formula:

X" (1) =[(x(t)-mean(x(t)))/ (max(x(t)-min(x(t))]. (2)

Step 3. Initialize the weights of the NN using
Volterra coefficients determined by the expression (1).

Step 4. Calculate the learning error function by
the formula:

E=12%e1,. .~ (Y)Y (1)) 3)

We set the maximum error Enax, if E < Emax and
remember the weights W, else passing to the Step 5.
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Step 5. Use an adaptive learning algorithm [17].

Step 6. Appreciate the complexity of the net-
work. We consider that the complexity of the current
network does not correspond to the given problem if
the error E with the number of training periods de-
creases not fast enough or does not decrease at all.
Reducing the speed below a given threshold signals
that in order to improve the results when the error
rate falls, one more level must be added, the alter-
nate term in the Volterra series.

For a short time, the error rate can be deter-
mined as follows:

Q> (Et - EHS) ! Eq. (4)

There Ey — error value at the moment to;

to — the moment of adding the previous level,

Q" — some given minimum speed of the error
change, in case of which the decision to change the
network is taken;

0 — the number of epochs — the training cycles
of the network before the product of the error rate
estimation.

Step 7. Calculate y, and E, repeating the train-
ing as long as there is a mistake E < Enax .

Remember W.

Note that the number of neurons in each hidden
layer for the given model is the same and coincides
with the number of input neurons. The learning pro-
cess begins with one hidden layer if the required
approximation accuracy is not reached, and then the
next layer is added. Since, with the addition of a lay-
er, the accuracy of the approximation increases, then
ultimately the traceable accuracy is reached.

Experimental part. To test the program reali-
zation of the method of constructing Volterra NN for
modeling nonlinear inertial CO, it is necessary to
conduct an experiment on real data with the calcula-
tion of quality metrics.

Consider the test nonlinear dynamical object
(Fig. 2).

Let Wi (t) and F(y) determinates by expressions:

Wi(t)=e ", Fy)=py(1). ()
el - W) i
Foy) 1

Fig. 2. The structure of the test nonlinear
dynamic object

We consider « and g constants that are not
available for measurements.

Analytic expressions for the first order Volterra
kernel and the diagonal sequences of the Volterra
kernels of the second and third order:

W (71) =e "

w(tt) =2 e e ),
a NG
W, (t,t,t)= 2(2) . (e—Sat _ 224 e—at)
[24

After determining the weights of the NN, based
on the coefficients of the Volterra series, graphs are
constructed that reflect the analytical reactions of the
CO and the responses obtained with the Volterra NN
to the input test response in the form of the &-
function (Fig. 3). The given graph demonstrates ra-
ther close CO responses for both models: analytical
and models in the form of the NN.
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Fig. 3. Dependence of the response y(t) with differ-
ent values of the parameters «and g

The researches of the quality of the test CO
model from depending from the structure of the NN
and the training algorithm settings were performed.
Volterra NN and NN of direct signal propagation
parameters in modeling the test nonlinear dynamic
CO are given in Table 1.

Table 1. Results of NN training

Parameter NN
Volterra Direct signal
propagation
Desired 0,001 0,001
accuracy
Errors 0,02 0,05
Learning speed 0,01 0,004
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The table below shows the advantage of the
Volterra neural network in front of the neural net-
work of the direct distribution of signal in the learn-
ing speed and modeling accuracy.

Conclusions and perspectives of further re-
search. Volterra models are a canonical representation
of a wide class of nonlinear inertial systems. The task
of creating neural networks for the modeling of nonlin-
ear dynamic CO based on models in the form of
Volterra series was successfully rescued.

The three-layer structure of the artificial neural
network of the direct propagation of the signal for the
representation of nonlinear dynamical systems was
substantiated and investigated. A class of systems is
outlined that can be effectively approximated by this
network.

The dependence of Volterra coefficients and the
weight coefficients of the latent layer of a three-layer
NN of direct propagation of the signal is established.

An algorithm for constructing an artificial neural
network based on the Volterra series has been devel-
oped.

The results of computer simulation of nonlinear
dynamic systems with Volterra neural network and
direct signal propagation are presented. The analysis of
experimental data confirms the efficiency of using
Volterra NN in the problems of simulation of nonlinear
dynamical systems.

A generalized mathematical framework for evalu-
ating the efficiency of various topologies of neural
networks for nonlinear mapping of input vectors into
weekly scalars (or vectors) is proposed.

Computational experiments demonstrate the ad-
vantage of the Volterra NN to the neural network of
direct propagation of the signal at the learning speed
and modeling accuracy in the simulation of nonlinear
dynamic CO.
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MOBYJIOBA HEMPOHHOI MEPE’KI BOJIbTEPPA B 3ATAYAX
MOAEJIOBAHHA HEJITHIMHUX TUHAMIYHUX
CUCTEM

Anomauin. Posensdaiomvcsi ocobrusocmi euxopucmanus meopii psdie Bonemeppa i nelipomHux mepedic 8 3a0ayax
MOOENIOBAHHS HeNIHIUHUX OuHamiyHux cucmem. Ilposedeno nopigusanvHuli auaniz memoois nod6yoosu mooeneu HemHIHUX
OUHAMIYHUX cucmeM Ha OCHO8I meopii psdie Bonvmeppa i HeuponHUx mepedic, nosHaveHi obnacmi egekmueHozo 3acmocy8anHs
K0JHCHO20 3 MemoOis. ChopmyIbo8ano NOCMAHOBKY 3a0ati, AKA NOJAAE Y CMEOPEHH] MAMEMAMUYHO0 anapamy nepemeopeHis
MoOeell HeNTHIUHUX OUHAMIYHUX CUCmeM, OMPUMAHUX HA OCHOGI anapamy psdieé Bonvmeppa 6 wimyuny HeupoHHy Mepedicy nesHol
cmpyxkmypu. O6IpyHmMogano i 00CILONCeHa MPUMApPO8a CMPYKMypa Wmy4Hoi HelipoHHOI Mepedici NPAMO20 NOWUPEHHSL CUSHATLY OISl
NOOAHHA HeNiHitiHux Ounamiynux cucmem. OKpeclieHo KIac cucmem, 5Ki MOXCYmb Oymu egekmueHo anpoKCumyeamu yicio
mepediceio. Bemanosneno zanescnicme koegiyicnmie sdep Bonemeppa i eazosux xoeghiyicumis npuxosanozo wiapy mpumiapogoi
HelpoH-HOI Mepedici npsimo2o nowupents cuenany. Hagooumscs areopumm nobyoosu wimyynoi HeupoHHoi mepeci Ha 0CHO8i psidy
Bonvmeppa. I[Ipedcmasneni pesynbmamu KOMR'1OMEPHO20 MOOETIOBANHS HENIHIIHUX OUHAMIYHUX CUCeEM 3a 0ONOMO2010 HEUPOHHOL
Mepedrci Bonvmeppa i npsamozo nowiupenna cuenany. AHaniz eKcnepumeHmanbHux OaHux niomeepoxtcye eqpekmusHicms 6UKOPUC-HA
Hellponnux Mmepedxc Bonvmeppa 6 3adauax mooenosanHs HeNiHIUHUX OUHAMIYHUX cucmeM. 3pOoONeHO 6UCHO8KU MA HAOAHO
PeKoMeHOayii }ooo eghekmusHO20 3aCmOoCy8anHs WNYYHUX HelpOHHUX Mepedc Bonvmeppa Onsi MoOi-6anHsi HENIHIUHUX OUHAMIYHUX
cucmenm.

Knruogi cnosa: netiponni mepeoici; paou Bonvmeppa; Heninilini OuHamiuni cucmemu
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Annomayusn. Paccmampusaromces 0COOEHHOCIU UCNONb308AHUA Meopull psidog Bonbmeppa u HeUpoHHbIX cemell 8 3a0a4ax
MOOeNUPOBAnUs HEIUHEUHbIX OuHamuyeckux cucmem. Ilposeden cpasHumenvuvill aHAIU3 MEMOO008 HNOCHMPOeHUs Mooenell
HeNUHEHbIX OUHAMUYECKUX CUCmeM HAd OCHoge meopuu psidos Bonvmeppa u HelponHwbix cemell, 00603HaueHbl o61ACHU
aghpexmusnoco npumenenus Kaxncooeo uz memooos. Copmynuposana NOCMAHOBKA 3a0ayu, COCMOAWAS 6 CO30AHUU
MAMEMAMUYecKo20 annapama npeoopazo8anus Mooeneli HeNUHEHbIX OUHAMUYECKUX CUCTEM, NOLYYEeHHbIX HA OCHO8e annapama
p0os Bonvmeppa 6 uckyccmeennyro HetpoHHYIO cemb onpedenenHou cmpykmypul. OO0CHO8AHA U UCCLEO08AHA MPEXCIOUHAS
CMPYKMYPa UCKYCCMBEHHOU HEUPOHHOU Cemu NPAMO20 PACIPOCPAHEHUs CUSHALA OJis NPEOCMABNEHUs. HEIUHEIHBIX OUHAMUYECKUX
cucmem. QOuepuen Kuacc cucmem, KOmopvie Mo2ym Ovlmb IP@OEeKMUsHO annpPoOKCUMUPOBAHbI SMOL Ccembvio. Ycmanosnena
3asucumocms Kod(uyuenmos s0ep Bonvmeppa u 6ecosblx KoI(DHuUYUEHmMOo8 CKpbImMo2o closi MpexcilouHoU HeUpOHHOU cemu
npsaMo20 pacnpocmpanenus cueHana. IIpugooumcs aneopumm ROCMPOEHUs: UCKYCCMBEHHOU HEeUPOHHON cemu Ha OCHoge psodd
Bonvmeppa. Tlpedcmagienvl pe3yibmanivl KOMRbIOMEPHO2O0 MOOCTUPOSAHUS HETUHEIHbIX OUHAMUYECKUX CUCIEM HpU NOMOujU
HelponHol cemu Bonemeppa u npsmoco pacnpocmpanenus cuceHana. Aanu3 9KCHEPUMEHMANbHbIX OAHHBIX NOOMEEPHCOden
aphexmusHOCmb UCNONB308AHUL HEUPOHHBIX cemell Bonvmeppa 6 3adauax mMoOenupoanus HeUHEUHbIX OUHAMUYECKUX CUCTEM.
Coenarnvl 6b1800bl U OaHbl PeKOMEHOAYUU NO IP@HEKMUBHOMY NPUMEHEHUIO UCKYCCMEEHHLIX HEUpPOHHbIX cemell Bonemeppa ons
MOOENUPOBAHUSL HENUHELIHBIX OUHAMUYECKUX CUCTEM.

Knrouesvie cnosa: netiponnvie cemu; psovl Bonemeppa; HeluHeluHble OUHAMUYECKUEe CUCTEeMbL
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