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ABSTRACT 

An analytical model of the system has been developed, consisting of a parallel-series connection of thermal devices. On the 

basis of graph theory, a system of equations of communication between the graphical representation of the system and the table of 

integers, which are the numbers of nodes and branches, is presented. Mathematical formalization made it possible to create a data 

representation that describes the distribution of temperatures in the nodes of the system and flows on its branches and reduce the 

volume of the problem based on expert estimates corresponding to the second law of thermodynamics. The chains and routes of heat 

distribution in the network of heat exchangers, including input and output elements, distribution and mixing units, are considered. 

The presented data structure provides an opportunity to programmatically build a system of energy balance equations for the system. 

The system of equations is supplemented by the hypothesis of the proportionality of the change in the measure of energy in the 

element to the potential applied to them. As a result, a system of equations is obtained, which forms a complete problem written in 

matrix form. In the design problem, after determining the requirements for the system, in the mathematical sense, the problem arises 

of determining the elements of the matrix by the value of the determinant. The requirement of equilibrium in the nodes of mixing 

flows, together with the conservation law, allows us to formulate a complete system of equations that determines the distribution of 

flows on the branches of networks. The principle of minimum uncertainty allows us to identify a group of roots that has maximum 

efficiency when the principle of equilibrium is fulfilled for the elements of the system. An example is presented that implements the 

exact scheme for solving the design problem for a given ratio of flows at the input to the system and the requirement for its 

efficiency. 
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roots 
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INTRODUCTION 

The design of chemical production is associated 

with the analysis of processes and the synthesis of a 

system of constituent apparatuses in which heating 

and cooling of a substance and the exchange of heat 

flows take place. The design problem can be 

considered as a mathematical programming 

problem, despite the complexity and large 

dimension. A system is defined as a combination of 

elements of technological processes and a 

communication system between them. The main 

problems in the computer implementation of the 

systems approach is the development of methods for 

describing tasks and methods for solving them. In 

this formulation, in addition to problems with the 

solution method, there arises the fundamental 

problem of the existence of a solution to such a 

system of equations and, as a consequence, the 

appearance of questions about the quality of the 

results obtained. Along with the difficulties in the 

formation of a system of equations in most practical 

problems, the values of variables are determined on 

the basis of solving a system of nonlinear equations 

for the material and heat balance of chemical-

technological systems. Systems of computer-aided 

design of heat networks involve the allocation of 

characteristic connections of the elements of the 

system. The relevance of further research is due to 

the need for a formal description of a parallel-series 

circuit, as one of the typical connections of a heat 

network. 

LITERATURE REVIEW 

The cost of heating and cooling a substance in 

the production cycle is a significant share in value 

terms of the total energy costs and reaches 50 % [1]. 

With regard to the analysis of heat supply networks, 

it is shown in [2] that the main thermophysical 
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indicators significantly depend on the design 

parameters of heat exchangers, the network 

topology, and the characteristics of heat carriers. An 

important direction for systems for designing heat 

networks are on-board systems, for which stringent 

requirements are imposed on mass and overall 

refineries, a reduction in the consumption of energy 

resources by up to 30-50 % has been achieved [17]. 

The software package Aspen HYSYS has been 

created, designed for thermal design of chemical 

production, which is currently the world leader [18]. 

The presented modeling methods use iterative 

methods of data processing, and the main problems 

associated with the incompleteness of the original 

system of equations and the principle of data 

processing are not solved. This circumstance does 

not allow us to talk about optimal design, which is 

extremely important for processes with a significant 

share of the energy component. The relevance of 

changing the concept in the design of heat exchange 

systems is substantiated in [19], where the 

possibility of optimally solving the problem by using 

analytical models is shown. In the system of heat 

exchangers, serial, parallel, bypass and loop 

connections are distinguished, which can be 

considered elementary connections inherent in any 

complex heat exchange network. In [20], an 

analytical model of a serial connection of heat 

exchangers is presented, in [21] of a bypass 

connection, in which an objective approach is 

proposed to replenish the original system of 

equations and obtain optimal design solutions. An 

urgent task for further research is the development 

of an analytical model for the parallel-series 

connection of heat exchangers that meet the 

optimization conditions. 

PURPOSE AND OBJECTIVES OF THE 

RESEARCH 

The purpose of this work is to obtain an 

analytical relationship for the distribution of heat 

transfer efficiency in a system of parallel-series 

connection of heat exchangers. 

 To achieve this goal, the following tasks have 

been set: 

 1) to develop an analytical model of a parallel-

series connection of heat exchangers. 

 2) to analyze the developed model to determine 

the main design indicators: efficiency and heat 

transfer surface. 

ANALYTICAL MODEL OF ASSOCIATION 

OF DEVICES 

We define design as a problem of mathematical 

programming, despite the complexity of the 

description and the large dimension of expressions. 

The system is considered as a combination of 

elements of the technological cycle and the 

connection between them to achieve a specific goal 

and is represented by a network structure. Consider a 

parallel-series connection as a typical connection in 

heat exchange networks of industrial production 

(Fig. 1). The cold flow propagates along the channel 

(7-100), while the hot flow propagates along the 

channel (0-60). 

 The main problems in the computer 

implementation of the systems approach are the 

development of both methods for describing 

problems and methods for solving them. In this 

formulation, in addition to problems with the 

solution method, there is a fundamental problem of 

the existence of a solution to such a system of 

equations and, as a result, questions arise about the 

quality of the results obtained. Along with the 

difficulties in the formation of a system of equations, 

in most practical problems, the values of variables 

are determined on the basis of solving a system of 

nonlinear equations (material and heat balance of 

CTS), as in modeling programs (ASPEN PLUS, 

PRO II, CHEMCAD). 

 

Fig. 1. Parallel-series connection of heat 

exchangers 
Source: compiled by the authors 

 

 The application of graph theory has become 

generally accepted in the formalization of the 

description of systems. Despite the generality of the 

approach based on graph theory, the main 

differences arise in their construction and definition 

of operations on them. Due to the large dimension of 

the problem, the main question is the possibility of 

constructing a system of equations programmatically 
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using one or another form of the graph. This 

establishes the relationship between the engineering 

graphical representation of the system (Fig. 1) and 

the table of integers, which are the numbers of nodes 

and branches (Fig. 2 and Fig. 3). 

 
1 0 1  

2 1 11  

3 11 5 1.1 

4 5 6  

5 6 60  

6 1 12  

7 12 2 2.1 

8 2 13  

9 13 3 3.1 

10 3 60  
 

Fig. 2. The graph of the “hot” network  

presented in Fig. 1 
Source: compiled by the authors 

The graphical representation of the system, 

shown in Fig. 1, describes the topological image of 

the real system, and the matrices shown in Fig. 2 and 

Fig. 3 are a formal form of its mathematical display. 
 

 0 1 11 5 6 60 12 2 13 3 

0 0 1 0 0 0 0 0 0 0 0 

1 0 0 1 0 0 0 1 0 0 0 

11 0 0 0 1 0 0 0 0 0 0 

5 0 0 0 0 1 0 0 0 0 0 

6 0 0 0 0 0 1 0 0 0 0 

60 0 0 0 0 0 0 0 0 0 0 

12 0 0 0 0 0 0 0 1 0 0 

2 0 0 0 0 0 0 0 0 1 0 

13 0 0 0 0 0 0 0 0 0 1 

3 0 0 0 0 0 1 0 0 0 0 
 

Fig. 3. Adjacency matrix 
Source: compiled by the authors 

 

 Mathematical formalization of the description 

of a real problem based on graph theory makes it 

possible, firstly, to create a data structure for 

constructing systems of equations that determine the 

distribution of temperatures at the nodes of the 

system and flows on its branches. Secondly, this 

approach allows us to reduce the volume of the 

problem based on expert assessments that do not 

contradict the second law of thermodynamics. So, 

the total number of nodes in the system shown in 

Fig.1 is ten 

)( 60313212651110 TTTTTTTTTTT 


. (1) 

 Let us define the concept of a chain as a finite 

set of node numbers satisfying the condition Tn = 

idem. 

)( 10987654321 UUUUUUUUUUU 


. (2) 

 Let us define the concept of a route as a finite 

set of branch numbers that satisfy the conditions: Un 

= idem and Vn = idem. 

 Similar constructions define the data structure 

for a “cold” network. The introduced concepts of the 

chain, together with the rule for choosing the node 

number, make it possible to construct matrices A 

and B. The matrix components determine the 

numbers of the input and output nodes of the “hot” 

and “cold” flows in the elements of the inter-grid 

and intra-grid energy exchange, respectively 
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 In turn, the described data structure makes it 

possible to programmatically construct a system of 

energy balance equations for the system shown in 

Fig. 1. 
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 Let us supplement the system of equations (4) 

with the hypothesis that the change in the measure of 

energy in the element is proportional to the potential 

applied to it 
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Systems of equations (4) and (5) form a 

complete problem that can be written in matrix form 

as 
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 In the problem of modeling with known 

values n  and n  the solution of such a system of 

equations does not cause significant problems. In 

the design problem, when only the requirements 

for the system are defined, in the mathematical 

sense, the problem arises of determining the 

elements of the matrix by the value of the 

determinant. 

 The requirement of equilibrium at the mixing 

nodes, together with the law of conservation of 

flows, allows us to formulate a complete system 

of equations that determines the distribution of 

flows on the branches of networks 
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In turn, this allows us to construct a 

solution to the problem of flows and their 

relations in elements as a function of the 

efficiencies of intranet energy exchange [21]  
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ANALYSIS OF THE MAIN FEATURES OF 

THE ANALYTICAL MODEL 

 In [19, 20], [21], principles are formulated 

that allow one to obtain a system of equations for 

determining the efficiencies of intra-grid and 

inter-grid energy exchange. 

 Denote 

54321  zyx . 

 The requirement for a minimum uncertainty 

for the average parameters of the system leads to 

the equations 

  zyzA
n

n
n 
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 It is obvious that equations (8-11) form 12 

groups of roots; however, the principle of minimum 

uncertainty allows us to select a group of roots that 

has maximum efficiency when the principle of 

equilibrium is fulfilled for the elements of the 

system. 

DISCUSSION OF THE RESULTS OF THE 

ANALYSIS 

 Consider an example that implements the exact 

scheme for solving the design problem for the 

system shown in Fig. 1 for a given ratio of flows at 

the system inlet α = 0.7 and the requirement for its 

efficiency E = 0.6 
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 The obtained values of efficiencies allow us to 

determine the amount of energy on the elements of 

the system 
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 And the distribution of flows on its branches 
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 Here П in relations (13) determines the energy 

potential at the input to the elements of the system 
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The given results, taking into account the 

system of equations (6), allow us to obtain the 

temperature values at the network nodes  
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 Having a complete picture of the behavior of 

the system, we choose counter flow type heat 

exchangers as its elements, the efficiency of which is 

determined by the ratio of the form 

 
)]1(exp[1

)1(exp1
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.  (17) 

 The solution of the transcendental equation (17) 

makes it possible to obtain the values of NTU 
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. 

 To assess the quality of the solution, we use the 

results of [20], which show the equivalence of the 

efficiency of one device to a system of N devices 

with a parallel connection 
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2385,10 NTU . 

 Thus, a system with a parallel-series connection 

has about 10 % more metal consumption compared 

to a system with a parallel connection of elements. 

CONCLUSIONS 

 1. An analytical model of a parallel-series 

connection of heat exchangers has been developed, 

which is inherent in the principles of the existence of 

a solution (completeness of the original system of 

equations) and ensuring the quality of the solution 

(optimization). 

 2. Description of the heat exchange network 

by a graph allows you to determine the topographic 

image of a real system and obtain a complete system 

of primary equations. The representation of this 

system in a matrix form provides the possibility of 

solving the problem of flows and their relations in 

elements as a function of the efficiencies of intra-

network energy exchange.  

 3. An analysis of the developed model was 

carried out to determine the main design indicators: 

efficiency and heat transfer surface. It is shown that 

the principle of minimum uncertainty makes it 

possible to single out a group of roots that has 

maximum efficiency when the principle of 

equilibrium is fulfilled for the elements of the 

system. 

 4. An example of the implementation of an 

exact scheme for solving the design problem for 

counterflow heat exchangers is presented, the values 

of efficiencies, the distribution of flows in the 

branches, and the energy potentials at the entrance to 

the system elements are obtained. The gain in 

reducing the required metal consumption in 

comparison with the standard design method is 

shown, which is especially important for on-board 

systems. 
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АНОТАЦІЯ 
 

 Розроблена аналітична модель системи, яка складається з паралельно-послідовного з’єднання теплових апаратів. На 

основі теорії графів представлено систему рівнянь зв’язку між графічним представленням системи і таблицею цілих чисел, 

які є номерами вузлів і гілок. Математична формалізація дозволила створити представлення даних, які описують розподіл 

температур у вузлах і зменшити об’єм задачі на основі експертних оцінок, що відповідають другому закону термодинаміки. 

Розглянуті ланцюги і маршрути розподілу тепла у мережі апаратів теплообміну, які включають вхідні і вихідні елементи, 

вузли розподілу і змішення. Представлена структура даних представляє можливість програмним шляхом побудувати 

систему рівнянь енергетичного балансу для системи. Систему рівнянь доповнено гіпотезою про пропорційність  зміни міри 

енергії в елементі за рахунок наведеного потенціалу. В результаті одержана система рівнянь, яка створює повну задачу, 

записану в матричній формі. В задачі проектування, після визначення вимог до системи, в математичному сенсі виникає 

задача визначення елементів матриці по значенням детермінанту. Вимоги рівноваги у вузлах змішення потоків сумісно з 

законом збереження дозволяє сформулювати повну систему рівнянь, яка визначає розподіл потоків у гілках мережі. 

Принцип мінімальної невизначеності дозволяє виділити групу коренів, які володіють максимальною ефективністю при 

виконанні принципу рівноваги для елементів системи. Наведено приклад, що реалізує точну систему рішення при заданому 

відношенні потоків на вході і вимогам до її ефективності.       

 Ключові слова: проектування; апарати теплообміну; закон збереження; вузли; гілки графу; система рівнянь; 

ефективність; корні рівнянь  
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