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ABSTRACT

The paper presents an approach to the design of technical systems, the elements of which are interconnected and carry out an
internal exchange of energy. The above analysis showed that for heat-exchange equipment when combining devices into systems,
only iterative methods are currently used, a representative of which is Pinch analysis. A limitation of the iterative approach is the
impossibility of obtaining an exact solution to such problems, which can only be achieved by analytical methods, which also make it
possible to reveal some effects in systems that are practically unavailable for numerical solution. This indicates the absence of a
rigorous proof of the existence of a solution and a problem in the construction of approximate solutions, due to the need to involve
complementary hypotheses. The topological representation of the system modules allows us to consider the architecture as a network,
which contributes to the analysis of the connections between the constituent elements and the identification of their mutual influence.
Highlighted the typical connections of network elements such as serial, parallel, contour, which allows to unify the principles of
building connections in the system. As an optimality criterion, the NTU parameter was chosen, which includes the heat exchange
surface and is usually used when searching for a solution for heat exchangers of moving objects. An analytical solution to the
problem of flow distribution and energy exchange efficiency in a system of two series-connected heat exchangers is obtained. His
analysis showed that the formulation of the design problem based on the definition of matrix elements in relation to determinants
allows not only to meet the requirements for the system, but also to determine the design parameters of its elements that satisfy their

extreme characteristics.
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INTRODUCTION

The design is aimed at solving some
optimization problem associated with ensuring the
externality of a criterion that is significant for
practice, for example, a minimum of the heat
exchange surface or associated mass and size
indicators, which is critical for moving objects. The
problem of solving the problem for systems is that
the system of conservation equations is incomplete
and needs to be replenished. It seems natural to
supplement the problem with analytical expressions
about the proportionality of the potential difference
to the amount of energy in the elements of the
system, establishing the relationship between the
final temperatures in the heat exchangers and the
ratio of water numbers and NTU, introduced by
Nusselt. The NTU parameter is the product of the
heat exchange surface by the heat transfer
coefficient, referred to the water number of the
heating medium when searching for the optimal
solution for heat exchangers. This approach leads to
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a system of transcendental equations for NTU and
the ratio of water numbers, the analytical solution of
which is absent in the known literature. Attempts to
solve the problem made it possible to establish the
relationship between the efficiency of heat transfer,
the ratio of water numbers and the NTU parameter,
which made it possible to determine the minimum
surface, but for one apparatus. Practical needs
require a minimum sum of surfaces for two or more
devices, which is an urgent design problem.

LITERATURE REVIEW

It is shown in [1] that, on a global scale, one
third of the energy consumed is in the industrial
sector, and half is represented as heat, therefore,
energy recovery can have a significant effect.
Analysis of district heating networks indicates that
the efficiency of heat transfer is influenced by
almost all indicators: from the design and the nature
of the movement of heat carriers to the topology of
the heating network [2].

Achievement of cost-effective design is
achieved by modeling the entire system and its
components on the basis of library components on
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the assumption of an explicit formulation of the
structure of the network flow [3]. However, they are
designed for individual devices and do not take into
account their relationship. The nature of the
movement of the coolant affects the efficiency,
which can be seen from the comparison of counter-
flow and direct-flow heat exchangers. The analysis
is based on the use of a one-dimensional model of
thermal conductivity and averaged over the entire
volume of parameters: temperature head, conditional
heat transfer coefficient, effective contact area of
coolants [4]. The advantages of the counter-flow
switching of flows are analyzed in [5], where the
equivalence of the direct-flow and counter-flow
schemes is shown only for very large and very small
ratios of water numbers. However, the gain in NTU,
a dimensionless parameter, which is considered as a
factor of the size and, accordingly, the mass of the
heat exchanger, belongs to the counterflow scheme.
At the same time, the issue is considered in relation
to a separate apparatus, and not a system in which
there is a mutual influence of the components. This
issue was considered in [6], where a variant of
converting a direct-flow system to a counter-current
one is presented.

Modeling systems with renewable energy
sources with buffer storage of the coolant,
accumulation and conversion of heat when changing
operating modes [7], microelectronic heat exchange
devices [8] with the interaction of elements requires
system design. The problem is most clearly
manifested in chemical-technological systems in
gas-phase heterogeneous catalytic reactors, in which
models of rectification technological schemes for
product separation have been developed and
implemented [9]. When calculating balances, the
system of equations for generalized flows is
supplemented with equations of functional
relationships, which determine the component-wise
composition of physical flows. Iterative procedures
for optimization problems with probabilistic
constraints have been developed, based on the
partitioning of the domain, taking into account the
uncertainty of the initial information [10]. At the
same time, the incompleteness of the initial set of
equations requires the introduction of additional
hypotheses, as a rule, empirical ones, which affect
the reliability of the simulation. In the system of heat
exchangers, there are sequential, parallel, bypass and
loop connections of equipment [11], in which the
heat transfer ratios in the cascades are complex due
to their interconnection, and the temperature
distribution in the multistage cascade is not linear
[12]. The Newton-Raphson method used to solve the
system of equations uses an iterative method and it
is assumed that there are sufficiently accurate values

of all variables [13]. The principles of mathematical
modeling of heat transfer are most fully worked out
in PINCH analysis, using the point at which the
temperatures of the hot and cold streams are the
closest [14]. For operating oil refineries, PINCH
technologies make it possible to achieve a reduction
in energy consumption by up to 30-50 % [16]. At the
same time, the presented literature uses exclusively
iterative methods for solving problems when
combining devices into systems and does not pay
attention to the development of analytical methods
that allow obtaining an exact solution of such
problems.

The need to change the concept to resolve the
design contradiction is substantiated in [16].
Obviously, analytical methods make it possible to
obtain not only an exact solution to the problem, but
also to reveal some effects in systems that are
practically inaccessible for a numerical solution.
This indicates, firstly, the lack of a rigorous proof of
the existence of a solution and, secondly, certain
problems in the construction of approximate
solutions, including due to problems with testing
algorithms.

THE PURPOSE AND ARTICLE

The aim of the work is to obtain an analytical
solution for the distribution of heat exchange
efficiencies in a system of two series-connected heat
exchangers.

To achieve the goal, the following tasks were
set:

1) to develop an analytical model of the serial
connection of two heating devices;

2) analyze the serial connection model.

ANALYTICAL MODEL OF SERIAL
CONNECTION

In engineering and technological systems, a
series connection of two devices is often found as
subsystems. With a serial connection (Fig. 1), the
entire process flow leaving the previous apparatus
enters the next element completely, while the flow
passes through each element of the circuit only once.

oy (T, =T,) =(T; —©,)
o, (T, —T;)=(T; —©,) ,
a3 (Ts = T70) = (T;, = Te)
where: Tj — hot stream temperature;
®, — temperature of the cold stream at the outlet;

T, —temperature at the point of mixing of streams;
a; — the ratio of the consumable heat capacities of

the hot and cold streams.
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Fig. 1. Series connection of elements:
UO - consumption heat capacity of a hot stream;
VO - consumption heat capacity of a cold stream;

V1- consumption heat capacity of a cold stream

branch
Source: compiled by the authors

The incompleteness of the system of equations
for the conservation of energy is obvious. In our
opinion, the most fundamental replenishment of the
conservation laws is their replenishment based on
the hypothesis of proportionality between the
amount of transferred (used) energy and the applied
potential

(ro _Tz) = (D1(To _®0)
(Tz _Ts) = q)z(Tz - ®o) ,
(Ts _T71) = (Ds(Ts _Te)

where ®n is the temperature efficiency of the intra-
network energy exchange [6].

In matrix form, such a system of equations has
the form

(-, 0 0 -1 0 O0]]T,

a, —-a, 0 0 -1 O[T,

0 0 —a; ay 1 -1 1T
1 0 0 0 0 0 ||T |
1-¢, -1 O 0 0 0T,
[0 0 -1 1-0 @ Of|T,|

—aT, -0,

_®0

B 0

- (Dl(To_®o)_To
_(D2®o

L 0 .

Let's introduce an independent variable

0= T o, (2)
0, s
O, -0, +D,

s 1= a,®®, —a,d, ~ |
O —,0,, +a,0,0,D, +1

i 1-0,D, |
O, a,0,D, —a,D, +1
O, |=|a,0,PD, —a,D, -
0, -0,0,P, P, +a,a,0,D, -

- a,0,0,0,0, +1 |

The requirement of equality of temperatures T~
and T2 allows expressing the ratio of flows in the
mixing unit through the efficiency within the
network energy exchange

To =T = (@5 + O —D(, ®, —
-a,, +a,0,0,)(T,-0,)
— 1- CDs
D,

a;

And this, in turn, will make it possible to close
the task of determining flows, expressing them
through the efficiency of the intra-network energy

exchange
1 1 \A VY%
o, ,-1||v,| |0

V1 _ Vo(l_q)s)
V2 VO(D3 .
And, therefore, determine the ratio of the fluxes
a in the conservation equations under the

assumption of a unit heat capacity of the interacting
fluxes

Yo %
« V, 1- @,
a =Y |o| %
ERRY o, |
2 3
“l v | |l1-0
V1 3
_V2__CD3_
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The most general requirement for a system can
be formulated as the ratio of the amount of energy in
it to the applied energy potential [6]

Eoto=Ts
To _®0

In essence, in such a setting, the formulated
problem is the problem of determining the elements
of the matrix by the value of the ratio of
determinants, since

E=0,—-DD,+D,.

The generally accepted logic of solving the
formulated problem leads to the replenishment of
conservation laws with models of elements and
iterative schemes for its solution. The disadvantages
of this approach are well known [16].

ANALYSIS OF THE SERIAL CONNECTION
MODEL

The key factor that determines both the
operation of the designed system and its elements is
the correspondence of the direction of the processes
in the real system with their direction hypothetically
chosen by the designer when setting its topology. It
is well known that the direction of processes and
their performance is determined by the second law
of thermodynamics and, as a consequence, is
associated with the uncertainty of the values of
average energy measures both in the elements of the
system and in its networks. In other words, the
distribution of the energy potential dictates the
conditions for the operability of the system and its
elements through the uncertainty of the values of the
average energy measures. The statement of the
problem, the determination of the matrix elements
that satisfy the requirement of the minimum
uncertainty of the average energy measures, leads to
the determination of the distribution of the
efficiencies of the system elements in its topological
representation in accordance with the requirements
of the second law of thermodynamics. The
continuity of the set of values of the elements of
matrix (1) satisfying requirement (2) is obvious.
However, the formulated requirements for the
minimality of the uncertainty of the average energy
measures and the construction based on the Shannon
principle allow one to obtain for the subsystem
shown in Fig. 1, the solution of the formulated
problem as a finite subset of the values of the
efficiencies of the inter-network and intra-network

energy exchange depending on E and «. In
addition, the extremeness of solutions (minimum
uncertainty of average energy measures) ensures the
maximum efficiency of energy transfer from the
“hot” network to the “cold” network in its elements
and the minimum energy dissipation in the mixing
nodes.

Formally, the formulation of the problem on
the value of the efficiency of the elements of the

system (@, ) for the given efficiency of the system

(E) and the ratio of flows at the input to it (@)
determines the finite set of functionals that depend
both on the designer's choice of the elements
themselves and their design at the next design stage
based on the requirements systems to their integral
characteristics (energy exchange efficiency).

The solutions obtained on the basis of the
minimality of the uncertainty of the average energy
measures determine three groups of roots for the
efficiency of energy exchange depending on the
efficiency of the system.

1>E>0
1 E
O, ==; D =—;
2 Y2
o - E_
2-E
1>E>0
— CDZ((Dl_l) .
0D, -0,-D,
O, =P, =1-J1-E
1>E>0,75
— @2((1)1—1)
P00, -0, -,
1-+4E -3
O, =""""=;
2
VAE -3 +1
®2=———E———

The presented roots not only satisfy the
requirements for the subsystem, but, as noted above,
in the presence of a model for a system element that
relates efficiency to the parameters of its design,
they allow us to find their values. So, for example, if
the elements of the subsystem are counterflow heat
exchangers, then their efficiency is determined by
the function [6]
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_ 1-exp[-NTU(1-2)] .
1-z-exp[-NTU (1-2)]

q)_l ’ (4)
In
10 -1
NTU=———=2
z-1
where z is the ratio of hot to cold flow at unit heat

capacity.

The NTU parameter depends on the heat
exchange surface, and, therefore, other things being
equal, is the mass and size characteristic of the
subsystem, which in some circumstances can be
extremely important if it is necessary to divide the
"cold" stream into two. The simulation results for a
similar situation are shown in Fig. 2.

The solution of the transcendental equation (4)
with respect to NTU for a hot flow has the form

n ZVv1-E ,
I—-a+aJl-E N

a—-7
In Zv1-E —-J1-E (z-1)
N a+7-aJl-E -1 _
l-a-z ’
=
In
Ea-1
a-1
NTU
12
1.15
1.1
0.3 0.4 0.5 0.6 0.7 0.8

Fig. 2. Comparison of the total value of NTYJ in a
system of two heat exchangers with the value of
this value in a system consisting of one apparatus
of the same type at & = 0.5 and E = 0.6,
depending on the distribution of flows on the

branches of the networks
Source: compiled by the authors

It can be seen from the graphs that for the first
two groups of roots, deviation from the extreme
when the “cold” flow is distributed over the
apparatus can lead to a significant increase in the
heat exchange surface, and, consequently, in the
mass and size characteristics of the subsystem. If we
take as the “ideal” design, consisting of one heat
exchanger, then, as can be seen from Fig. 2, the
surface surplus (NTU) in the system of two devices,
designed on the basis of the new design logic, does
not exceed 10 %. It should be noted that with an
increase in the requirements for system efficiency
(E > 0.75), the tendency to exceed the surface area
(NTU) in a system of two units above the surface
required by one unit remains and reaches 40%
regardless of the choice of the root group.

In some cases, it becomes necessary to divide
into two streams: “cold” and “hot”. The system of
equations for the subsystem shown in Fig. 1, taking
into account the change in the direction of heat
fluxes, will be written in the form

o, (T =T5) = (T, —©,)
a,(Ty-Te)=(T,-T,) .,
ay(Ts =To,) = (T7, = T¢)
(To —T5)=CI)1(TO—®O)
(ro _TG):CDZO-O -T,) .
(Ts _T71):®3(T5 _Te)

Or in matrix notation

[, 0 0 -1 0 0][T,]
0 -, 0 1 -1 0]]|T,
a, 1 —a; 0 0 1| Ty |
1 0 0 0 0 ol|T,|
0 -1 0 &, 0 O0f|T,
1-®, &, -1 0 0 0] |T,]
| -yl — 0, |

—a,T,
B 0
| 0,(T, - 0,) - T,

_TO
L 0 _

The substitution (2) introduced above after
transformation makes it possible to write the
solution of the system of equations in the form
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0. ] 1-0,D,
@2 _ (alq)l —1)(052(1)2 _1)
@3 O, —a,®,D, +a,0,d, -
- -, ®,®, + 0,0, 0,0,
_®2 ] i qDl
O |= _q)z(alq)l -1)
0, |0,0,-0,0,+0, —,0,0,D,

The requirement of equality of temperatures Tz
and T72 allows expressing the ratio of flows in the
mixing unit through the efficiency within the
network energy exchange

(@5 + Oy —D)(D, — D, + 1, D, D,)
— 1- CI)3

CDS

And to express the ratio of flows in the
elements of the interconnection of energy through
the efficiency within the interconnection of energy

U,-U,+U,)=0
U,o,-U,1-d,)=0"

U, _ Uy(1-D,)
ol v

a;

_ﬂ_ ] ]
o \Ljo ao(]-_q)s)
a, |= V—z =  a,D,
a, ° 1-9,
ket @
U, | - P

In this case, the efficiency of the system is
determined by the ratio

T,-T
E :_I_°—®71:QJZCI)3—®1®3+
0o 0 ’
+®, -0, 0,D,D,
and the group of roots for the efficiencies of the
elements of the system, which ensures its extreme

efficiency based on the minimum uncertainty of the
average energy measures, is written in the form

20-1-E
@3:l; q)lzq)z: ( (Zo).
2 o,

As noted above, the presented roots not only
satisfy the requirement for the subsystem, but, as
noted above, in the presence of a model for a system
element connecting the efficiency with the
parameters of its design, find their values. So, for
example, if the elements of the subsystem are
counter flow heat exchangers, then their efficiency is
determined by function (4), and its solution with
respect to NTU has the form

21 a+2J1-Ea -2 1
a-2a1+2aiV1-Ea N
az-1
a+2JV1-Ea -2
In (z-)
a(22-221-Ea +2J2-Ea -1

L az-a+l J
E-1
In
Ea-1
a-1
125 [
NTU
1.2
1.15
z
1.1
0.3 04 0.5 0.6 0.7 0.8

Fig. 3. Comparison of the total value of NTU in a
system of two heat exchangers with the value of
this value in a system consisting of one apparatus
of the same type at ¢ =0.5; E =0.6, depending
on the distribution of flows on the branches of the

networks
Source: compiled by the authors

DISCUSSION OF THE ANALYSIS
RESULTS

The problem of the so-called optimal design
can be formulated, for example, on the basis of the
NTU sum of squares, while the problem of flows
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(water numbers) should supplement the problem of
optimal design with a system of equations based on
Kirchhoff's laws. We analyzed the consequences of
this approach in the review [16].

The proposed approach is based on the
statement that the amount of energy in an element is
proportional to the energy potential at the entrance
to it, i.e. efficiency of energy exchange.

The developed logic for solving such problems
allows us to determine the extreme distribution of
the efficiency of devices in the system. In this case,
the task of designing a system is reduced to a finite
set of optimization problems for one apparatus with
extreme values of their efficiency.

An extreme distribution of efficiencies in the
system leads to a distribution of potential providing
a minimum NTU value.

Exact solutions of problems can serve as a test
when constructing various iterative approaches to
solving such problems, for example, when designing
heat exchanger systems in technological systems of
chemical-technological systems.

If we accept as the “ideal” design, consisting
of one heat exchanger, then the surplus surface
(NTU) in the system of two devices, designed on the
basis of the new design logic, as in the case of the

separation of the “cold” flow, does not exceed 10%.
At the same time, as in the case of a “cold” flow,
with an increase in the requirements for system
efficiency (> 0.75), the tendency to exceed the
surface (NTU) in a system of two devices above the
surface required by one device remains and reaches
40 %. This confirms the effectiveness of the new
approach  associated  with  the  analytical
representation of the connection of heat exchangers
in comparison with the iterative design approach, in
which it is impossible to determine the global
extremum, to solve inverse problems.

CONCLUCIONS

1. An analytical solution to the problem of flow
distribution and energy exchange efficiency in a
system of two series-connected heat exchangers has
been obtained.

2. As is obvious from the above results, the
formulation of the design problem based on the
determination of the matrix elements in relation to
the determinants, allows not only to meet the
requirements for the system, but also to determine
the design parameters of its elements that satisfy
their extreme characteristics.
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AHOTALIS

B poboti mpencraBieHO MiAXix IO MPOEKTYBAaHHS TEXHIYHUX CHCTEM, €JIEMEHTH SKUX B3a€MOIIOB’s3aHI 1 3IIHCHIOIOTH
BHYTpIilIHIA 00MiH eHeprieto. [IpoBeeHmii aHai3 MOKa3aB, MO TS TEINIOOOMIHHOT anapaTypy Ipy 00’ €JHaHHI arapaTiB B CHCTEMH
y TeMepiliHiil Yac BUKOPUCTAIOTHCS BHKIIOYHO iTepamiiiHi METOH, MPEICTABHIUKOM KX sABIsiEThes Pinch-anamiz. OOMeKeHHIM
iTepawiifHOTo MiAX0/y € HEMOXKIIMBICTh O/IepKaHHsI TOYHOTO PIIICHHS TAKKUX 33]1a4, 1[0 MOXe OyTH JOCSATHYTO TiJIbKU aHATITHUHHMH
METOaMH, sIKi JO3BOJISIIOTh BUSIBUTH JAesiKi €(peKTH B CHCTEMax, IO MPAKTHYHO HEJOCSHKHO MPHU YKHcenbHOMY pimreHHi. Lle Bkasye Ha
BIICYTHICTh CTPOTOTO [OKa3y HAsBHOCTI ICHyBaHHs pilleHHs 1 mnpobiaemu mnpu noOymoBi NpUOIM3HMX pillleHb BHACIIIOK
HEoOXiTHOCTI 3aJIy4eHHs JONOBHIOIOYHUX TinoTe3. TononoriyHe npeAcTaBIeHHs] MOYIIB CUCTEMH JJO3BOJISIE PO3TILIIATH apXiTEKTypy
y BUTJISIIII MEpeXi, IO CHpHUSE aHAN3y 3B’S3KIB MK CKIIQJIOBHMHU €JIEMEHTaMH 1 BHSBICHHIO iX B3a€MOBIUIMBY. BuaineHi THITOBI
3’€IHAHHS EIIEMEHTIB MEPEXKi TaKi sIK MOCIiI0OBHE, ITapajielibHe, KOHTYPHE, IO JO3BOJIIE YHI(QIKYBATH MPHHIUITN TOOYIOBH 3B’ 3KIB
B cHucTeMi. Y SKOCTI KpUTepilo onTHMambHOCTI oOpaHo mapamerp NTU, skuii BKIIOYae MOBEPXHIO TEIUIOOOMIHY i 3BHYAHO
BUKOPUCTAETHCS TPH TIOLIYKY PIllIeHHS IS TEIDIOOOMIHHUX amapaTiB pyXoMHuX o0’ekTiB. OmepkaHO aHAIITHYHE PIIeHHS 3ajadi
PO PO3MO/IN MOTOKIB i e)eKTHBHICTS TEMIOOOMiHy B CHCTeMi 3 IBOX MOCTIZOBHO 3’€IHAHHX amapaTis. Jloro aHamis moxasas, Iio
IOCTAaHOBKA 3aJa4i MPOSKTyBaHHs HAa OCHOBI BH3HAUCHHs €IEMEHTIB MATPHLI MO BiIHOILICHHIO JETEPMiHAHTIB, 103BOJISIE HE TITBKH
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3a[0BUIBHUTH BHMOTH 10 CHUCTEMH, ajie¢ i BU3HAYMTH MapaMeTpH KOHCTPYKILI Il eleMEeHTIB, sKi 3aJOBUIBHATH X €KCTPEeMaJbHHM
XapaKTePUCTUKAM.

KnrouoBi cioBa: IIpoekTyBaHHS, TEIUIOOOMIHHI amapaTH; MepeKeBa apXiTEKTypa; aHAJIITHYHI METOJIM; OITHMI3alis;
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